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1 INTRODUCTION 
 
CHAPTER 1 
INTRODUCTION 
 
1.1 Background and Motivation 
Cold regions, including permafrost areas and seasonally freezing areas constitute a large portion 
of Earth’s surface. In the northern hemisphere, more than 20% of land surface is occupied by 
permafrost, whereas more than 50% experiences seasonal freezing and thawing. In cold regions, 
soils frequently experience frost action. 
Frost action in soils involves the processes of freezing and thawing. The resulting 
phenomena of frost heaving and thaw settlement are commonly seen in seasonal freezing areas, 
which render the built infrastructure vulnerable to damage. Broken cables, damaged lifelines, 
broken pipelines, malfunctioning utilities, cracked pavements (Figure 1.1), jacked up foundations 
(Figure 1.2) and tilted structures, are all examples of damage suffered from frost action. Long-
term records indicate an on-going warming of the climate, which has resulted in thawing of 
portions of the permafrost area. The increase in permafrost temperature leads to thickening of the 
active layer (upper crust layer where active freezing-thawing cycles occur), leading to extensive 
settlement of the ground surface causing damage to infrastructure. Understanding how the soil 
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behaves upon freezing and thawing has the potential of changing the operation practices and 
design philosophies, and developing methods to alleviate the damages.  
 
Figure 1.1 Cracks and potholes in pavement 
 
Figure 1.2 Jacked up foundation 
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Artificial ground freezing of soil has long been used as a supporting construction method 
in geotechnical engineering. By installing freezing pipes and circulating liquid with temperature 
below the freezing point of water through them, the surrounding soil freezes. An increase in 
strength and decrease in permeability occurs in freezing soils, thus providing temporary 
stabilization of soils and hydraulic seal. However, freezing can cause significant changes in soil 
structure and density which can lead to adverse settlement during thawing. Figure 1.3 shows 
artificial ground freezing in tunneling. Although widely used, the artificial ground freezing 
method still needs improvement in areas such as the control of below freezing temperature and 
the control of deformation of the surrounding soil. 
 
 
Figure 1.3 Artificial ground freezing in tunneling (Trevi SpA Group) 
 
http://www.trevispa.com 
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In order to mitigate the frost damage to infrastructure and to improve the artificial ground 
freezing method, it is essential to know: firstly, how the soil strength changes with respect to 
change in temperature, or the evolution of strength of the soil during freezing and thawing; 
secondly, how the soil deforms when subjected to freezing and thawing. To answer these 
questions as well as come up with a tool that is capable of predicting the frost action in soils, a 
comprehensive study has been carried out. 
1.1.1 Frost Heave 
The cause of frost heave in soil is the formation of ice lenses, rather than the increase in volume 
of the pore water in soil when it turns into ice upon freezing. This was proven by Taber (1929), 
who performed experiments on soils with the pore water being replaced by another liquid, 
benzene. During freezing of the specimen, frost heave still occurred even though the soil was 
saturated with benzene, which contracts upon freezing. Therefore, the expansion of water when it 
freezes does not play a key role in frost heave. It is the ice lens formation that causes the frost 
heave. 
Ice lensing is the process of forming and growing of ice lenses. When the temperature of 
the soil drops below the freezing point of water, ice is produced in the soil pores. Ice lenses 
nucleate immediately behind the freezing front (referred to as frozen fringe) and the free water 
from surrounding voids and the unfrozen region of the soil is drawn and contributes to the 
growth of ice lenses. The force that drives the water from nearby areas is called cryogenic 
suction. The ice lenses then grow until the water ceases to move into the freezing zone (frozen 
fringe). This is caused by the accumulation of ice in the frozen fringe which could decrease soil 
permeability dramatically. As the freezing front propagates, many ice lenses are generated and 
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the soil particles are separated. Frost heave is then resulted. Figure 1.4(a) shows the forming of 
ice lenses in a frost heave test specimen. Figure 1.4(b) illustrates the mechanism of ice lensing 
and the typical composition of freezing soil in the neighborhood of the frozen fringe. 
 
 
Figure 1.4 Illustration of freezing soil and ice lens (a) Frost heave specimen (Lay, 2005), 
(b) Illustration of freezing soil 
 
Depending on the speed of the freezing front propagation, a nucleus of an ice lens is 
formed periodically. Not all ice in the proximity of the freezing front gives rise to an ice lens; 
much of it remains in pores (pore ice) without forming an ice lens. This is often referred to as 
freezing in situ; in situ freezing does not produce frost heave. Ice lensing is a process that is very 
sensitive to both the duration and the intensity of the freezing temperature. If the temperature 
drops down very quickly, leading to a fast propagation of the freezing front, ice lenses do not 
(a) (b) 
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grow, and all water freezes in situ. A slow rate of cooling, on the other hand, provides sufficient 
time for water migration, and it favors the growth of ice lenses. 
Relatively fine soils that can still provide a good path for the water migration during 
freezing process are prone to form ice lenses, and they are termed frost-susceptible soils. Frost 
heave will not occur unless the following three requirements are satisfied: (1) presence of frost-
susceptible soil, (2) a supply of unfrozen water, and (3) temperature conditions that will cause a 
freezing front propagation slow enough to allow water transport.  
For a non-frost-susceptible soil, such as sand or gravel, no ice segregation takes place 
during freezing. Pore ice will form due to the phase change of the water in the pores. Ice lenses 
will not form, and the macroscopic deformation (growth) of the soil mixture (mineral, ice, water, 
air) upon freezing is owed predominantly to expansion of freezing water, but not to water 
migration.  This expansion may be fully accommodated by pores in unsaturated soils, but it will 
cause macroscopic deformation in saturated soils 
1.1.2 Thaw Consolidation and Thaw Settlement 
During freezing, a considerable amount of ice could accumulate and the frost heave of a frost-
susceptible soil could be more than 20% of the thickness of the frozen layer. When thawing 
occurs, the ice lenses formed in the freezing process gradually melt. The excess water melted 
from ice lenses will drain out under its self-weight and/or external loads thus the thaw 
consolidation is taking place. The rate of the thaw consolidation depends on both the melting rate 
of the ice and the hydraulic conductivity of the soil. 
The total thaw settlement after consolidation is completed could be larger or smaller than 
the displacement caused by frost heave (Konrad 1989a). It depends primarily on the history of 
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loading prior to freezing (whether the soil was normally consolidated, NC, or over-consolidated, 
OC), and the number of freeze-thaw cycles. Thawing of a frozen NC soil in its first freeze-thaw 
cycle could cause a settlement larger than the heave induced during the freezing phase. However, 
some heave could remain in an OC soil subjected to its first freeze-thaw cycle. Artificial ground 
freezing applied in soft soil construction (tunneling, excavations), and pipelines transporting 
chilled media through unfrozen soil, are examples of circumstances where soil may be subjected 
to its first freeze-thaw cycle.   
Thaw consolidation tests were done by Tsytovich (1960). A compression curve regarding 
to thaw consolidation in e vs. σv plane is illustrated in Figure 1.5. In the figure, ef denotes the 
void ratio of frozen soil before thawing starts and eth denotes the void ratio after the soil is 
completely thawed (ef and eth are measured under the same stress). The frozen soil sample is 
placed in an odometer with temperature control. With the temperature maintained constant below 
freezing, an overburden pressure equivalent to the field stress σ0 is applied to the specimen. A 
small decrease in void ratio under this initial loading (A-B). The specimen is then thawed from 
top down under the constant pressure σ0 and a large decrease in void ratio takes place (B-C). 
While the total difference in void ratio between ef and eth represents the thaw settlement, thaw 
consolidation (the melting and drainage of excess melted water) is taking place. Rather than 
consolidating due to additional load, thaw consolidation is thermally induced and occurs under a 
constant load. After the soil is completely thawed and consolidation under pressure σ0 is 
completed, additional pressure Δσ is applied to the specimen. The process (C-D) represents the 
classical consolidation of a soil. 
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Figure 1.5 Thaw settlement in compression plane (after Tsytovich, 1960) 
 
1.2 Scope and Outline 
The purpose of this study is to develop a mathematical description of freezing and thawing soils 
that could be successfully used in model-based simulations. The emphasis in this dissertation is 
placed on strengthening in freezing soil and thaw-weakening of soil as well as thermal-hydro-
mechanical (multi-physical) description of the freezing and thawing processes in soils. 
An elastic-plastic constitutive relationship is presented first. The model is based on 
hardening plasticity and the critical state framework. Pore ice ratio will be introduced as a 
principal parameter to govern the hardening and softening of the soil. It describes the 
strengthening of soil upon freezing, and the weakening and settlement of soil when it is thawing. 
 9 
 
Test data is used to calibrate the model. Behaviors of freezing and thawing soil under isotropic 
and non-isotropic compression are simulated to demonstrate the capacity of the model. 
 A slightly modified version of a previously proposed porosity rate function is adopted to 
describe the ice lens formation in freezing frost-susceptible soils (Michalowski 1993, 
Michalowski and Zhu 2006). The reduction of the rate of ice lensing with respect to the change 
of soil components (unfrozen water and ice) during the thermal process is considered. A thermal-
hydro-mechanical framework is used to capture the multi-physical nature of freezing and 
thawing processes in soils.  
 The major contribution of this study is the development of a tool which is capable of 
simulating frost action in a full freeze-thaw cycle in frost-susceptible soils. The models 
mentioned above are implemented in a finite element system and calibrated. More complex 
practical engineering problems with respect to freezing and thawing of soils around a culvert, in 
front and behind a retaining wall, as well as around a chilled gas pipeline are simulated. The 
results are promising and the tool is ready to be used in engineering applications. 
 This dissertation consists of seven chapters. Chapter I introduces the mechanism of frost 
heave and thaw settlement as well as the motivation of this study. Chapter II presents the 
literature review of freeze-thaw cycle in soils, constitutive modeling of frozen soils and thermal-
hydro-mechanical framework in geotechnical engineering. Chapter III presents the objective of 
this study. In Chapter IV, the elastic-plastic constitutive model is introduced, calibrated and 
demonstrated. In Chapter V, the modified porosity rate function is introduced and a thermal-
hydro-mechanical framework is adopted. The whole system is then calibrated and used in an 
example simulation. Chapter VI presents the application of the model in the simulations of 
complex problems including: freezing and thawing of soils around a culvert; horizontal 
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movement of a retaining wall caused by frost heaving and thaw weakening; and displacements of 
the ground surface above a chilled gas pipeline. Chapter VII summarizes the contributions of this 
study and provides some suggestions for future research.   
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2 LITERATURE REVIEW 
 
CHAPTER 2 
LITERATURE REVIEW 
 
2.1 Freeze-Thaw Cycle and Thaw Settlement in Frost-Susceptible Soils 
Freezing and thawing in frost-susceptible soils (freeze-thaw cycle) may change the structure of 
the soils due to the cryogenic suction generated in the freezing process as well as the segregation 
between soil particles caused by the formation of ice lenses. Therefore, after experiencing freeze-
thaw cycles, the engineering properties of the soil could be dramatically changed, and the 
deformation induced by the thermal process differs depending on the soil type and soil history. 
Experimental studies on soils experiencing cyclic freezing and thawing started in the 1970’s. 
 Chamberlain and Gow (1979) conducted comprehensive research on the effect of freeze-
thaw cycles on normally consolidated fine-grained soils using a consolidometer. The soil 
samples were frozen with free access to water, so that ice lenses could form. Freeze-thaw cycling 
was repeated until little or no change in void ratio or permeability occurred. The structure and 
permeability of the tested soils were observed to change after freeze-thaw cycles. The 
mechanism was interpreted in terms of the size of the mineral fraction of the fine soil, using two 
highly idealized arrangements shown in Figure 2.1.  
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For fine soil with less clay minerals, such as clayey silts, the large particles (silt) control 
the packing, while the clay particles are arranged in packets with a flocculated orientation and 
free to move in the voids (Figure 2.1(a)). In this case, the coarse-grained particles control the 
compressibility whereas the clay particles control the permeability. After freeze-thaw cycles, 
there is little or no change in void ratio since the rearrangement of the coarse grains due to 
freezing is limited. However, the permeability increases because the freeze-thaw cycles cause the 
clay packets to collapse to a denser state, but the packets become more dispersed, leaving wider 
channels for fluid flow.  
 For fine soil with mostly clay minerals, such as silty clay, the flocculated clay particles 
form a matrix in which the large grains are floating without being in contact with each other 
(Figure 2.1(b)). In this case, the clay particles control both the compressibility and the 
permeability. After freeze-thaw cycles, the clay packets are forced to rearrange into a more 
dispersed and denser state so that a noticeable decrease in void ratio occurs. However, the 
densification of the soil does not reduce the permeability, rather the permeability increases 
because of shrinkage cracks formed after freeze-thaw cycles.   
 13 
 
 
Figure 2.1 Change in void ratio after freeze-thaw cycle: (a) Clayey silts, (b) Silty clay           
(after Chamberlain and Gow 1979) 
 
 Chamberlain and Gow also investigated the mechanism of change in void ratio with 
respect to freeze-thaw cycle for a normally consolidated soil and interpreted it in the 
compression plane (e vs. logσ) as is shown in Figure 2.2. In the illustration, a normally 
consolidated soil at point 𝑎 is frozen with free access of water under constant total stress state. 
An increase in void ratio to point 𝑏 occurs due to the phase change as well as the intake of water 
and ice lens formation. After thawing, the increased volume due to ice lenses is given away and a 
further decrease in void ratio to point 𝑐 takes place as a result of the rearrangement of soil grains 
and structure changes. However, in terms of effective stress, negative pore pressure (cryogenic 
suction) generated in the freezing process increases the effective stress between soil particles, 
and the clay bands end up being consolidated to point 𝑏′. Upon thawing, the effective stress 
drops along the swelling path from 𝑏′ to point 𝑐 after the excess pore pressure dissipated.  
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Figure 2.2 Stress paths during freezing and thawing in soil (after Chamberlain and Gow 1979) 
 
 Chamberlain (1981) discussed the overconsolidation effect (negative pore pressure) of 
freezing in soils and developed a method to determine the maximum suction that occurred during 
freezing process. From the freezing and thawing tests, Chamberlain concluded that the thaw 
settlement appears to be linearly related to the ratio of the initial water content to the plastic 
limit, and, after a freeze-thaw cycle, a decrease in volume is observed compared to soil before 
freezing. 
 Graham and Au (1984) observed a fissured structure after conducting freezing and 
thawing tests (close system) on natural Lake Agassiz clay from Winnipeg. Tests of drained and 
undrained loading along a high stress ratio path in p’, q space on both overconsolidated 
undisturbed soil and soil after freeze-thaw cycles were conducted and compared. The author 
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concluded from the tests that freeze-thaw cycling produced higher pore water pressure at failure, 
lower consolidation stiffness and lower strength compared with values for undisturbed clay.  
 Konrad (1989a) conducted repeated freeze-thaw cycles on clayey silts with various 
overconsolidation ratios and found out that the void ratio of thawed soil decreased after the cycle 
in lightly overconsolidated soils (Figure 2.3(a)), but increased in heavily overconsolidated soils 
(Figure 2.3(b)). Konrad also compared the segregation potential (the potential for ice lens 
formation) after each freeze-thaw cycle. It was observed that the segregation potential reduced 
after each freeze-thaw cycle, and most of the changes occurred during the first three cycles. In 
another report, Konrad (1989b) presented X-ray photographs of the soil specimen experiencing 
freeze-thaw cycles, which indicated that the soil density changes (therefore the structure) caused 
by freezing occur in the frozen zone at temperatures below that of the warmest ice lens. The 
temperature range was between -0.40°C to -0.57° C for the clayey silt, dependent on OCR. The 
tests also showed an increase in hydraulic conductivity after freeze-thaw, which was consistent 
with the findings of Chamberlain and Gow (1979). 
 
(a) 
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(b) 
Figure 2.3 Total frost heave and thaw settlement among freeze-thaw cycles:                               
(a) OCR = 2, (b) OCR = 8 (after Konrad 1989a) 
 
 Zou and Boley (2009) carried out open-system freezing-thawing and subsequent 
compression tests on fine-grained soils using an oedometer. The test results indicated that the 
slope of the normal consolidation curve for a soil after a freeze-thaw cycle is different than that 
of the normal consolidation curve and the rebound curve of the soil before freezing. The author 
explained that it is due to the formation of ice segregation in the frozen zone and the generation 
of cryogenic suction in unfrozen zone during freezing, which led to large inhomogeneity in soil 
specimens.  
Eigenbrod (1996) performed cyclic one-dimensional open-system freezing and thawing 
tests on soft fine-grained soils. The volume changes observed could be as much as 30% after 
thawing, depending on the initial moisture content and plasticity of the clay. A fissured and 
jointed structure was found in the thawed soil and a large increase in bulk permeability was the 
 17 
 
result of it. Eigenbrod et al. (1996) monitored the pore water pressure in one-dimensional 
freezing and thawing tests on lightly overconsolidated fine-grained soils. The maximum negative 
pore pressure could be correlated to the compression observed in the soft clay specimen 
subjected to freezing and thawing, which is often referred to as freeze-thaw consolidation. Stiff 
clay with water content close to plastic limit did not show freeze-thaw consolidation. 
 Viklander (1998) conducted a set of freezing and thawing tests on fine-grained non-
plastic till, with each experienced eighteen freeze-thaw cycles. The permeability of the soil after 
the cyclic temperature changes was found to have increased for initially dense specimens, but 
decreased for initially loose samples. The void ratios decrease for samples with initially high 
void ratios (e = 0.56), and increase for samples with initially low void ratios (e = 0.25). Residual 
void ratios ranging from 0.31 to 0.40 were observed for both initially dense and loose soils after 
1 to 3 freezing cycles. 
 Liu and Peng (2009) conducted unconfined compression tests on a thawing soil using a 
triaxial apparatus with a special temperature controlled system. The tests were performed on soil 
samples with varying moisture contents and under different freezing and thawing temperatures. 
The effects of temperature and moisture content on soil strength were investigated and an 
empirical model describing the stress-strain relationship was proposed.  
 Qi et al. (2007) conducted tests on a silty soil with one freeze-thaw cycle to investigate 
changes to the engineering properties of the soil after the process. A critical dry unit weight was 
found beyond which the soil density, the cohesion and the pre-consolidation pressure will 
decrease after a freeze-thaw cycle, whereas if the critical dry unit weight is not reached, the three 
parameters will increase. Yao et al. (2009) concluded that the dependency of soil properties upon 
freezing and thawing on dry unit weight is related to free energy in soils. The free energy will be 
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released during thawing in soils with higher dry unit weight, leading to thaw weakening of the 
soil, whereas the opposite occurs for soils with low dry unit weight. 
 Proskin et al. (2010) presented laboratory test findings of the effects of freeze-thaw cycle 
on the behavior of Suncor mature fine tailings (MFT from oil sands mining). A reduced void 
ratio and compressibility as well as an increased hydraulic conductivity were observed after the 
MFT experienced freezing and thawing. The results showed a similar trend as for clay soils.  
Compared to the experimental studies on the effect of freeze-thaw cycle on soil behavior, 
very few studies have been conducted on the theoretical description of thaw weakening of frozen 
soils and corresponding thaw settlement. 
Morgenstern and Nixon (1971) formulated the one-dimensional consolidation problem of 
thawing soil based on heat conduction theory and Terzaghi’s consolidation theory. A closed form 
solution was obtained for a moving thaw boundary in the consolidation problem under the 
assumption of thawing rate being proportional to the square root of time. It was concluded that 
excess pore pressures and the degree of consolidation in the thawing soils were dependent on the 
thaw-consolidation ratio (defined as the ratio of a constant in the solution of heat conduction to 
the coefficient of consolidation). In order to validate the theory, Morgenstern and Smith (1973) 
and Nixon and Morgenstern (1973, 1974) conducted one-dimensional thaw consolidation tests 
on remoulded clays and undisturbed frozen Arctic soils in a special oedometer, in which a 
sudden constant increase in surface temperature could be applied. The test results showed that 
the soil behavior could be adequately represented by the theory. 
Foriero et al. (1995) formulated a large-strain thaw-consolidation model and used it in 
finite element simulations. The model was a non-dimensional adaptation of the Gibson et al. 
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(1981) theory, which considered the variation of permeability and compressibility during 
consolidation. Non-dimensional design charts were generated using the model to predict thaw-
consolidation settlements. A warm oil pipeline in a cold region was simulated and compared 
with the test data to show the validity of the model. Ming et al. (2012) also used Gibson’s large 
strain consolidation theory along with a moving boundary condition in FEM to simulate the thaw 
settlement of saturated frozen soil, and obtained reasonable results. 
Yao et al. (2012) proposed a large strain thaw consolidation analysis of a thawing frozen 
soil column. The analysis was performed in finite difference software, FLAC 3D. A moving 
boundary condition was applied by releasing the fixed nodes when the 0°C isothermal line was 
passing by, to simulate the thaw consolidation line. The technique was new and a good way to 
simulate moving boundary problems (Stephan problems) but needs more effort to be applicable 
in dealing with complicated boundary value problems. 
2.2 Constitutive Models for Freezing and Thawing Soils 
When soil is freezing, its strength could be dramatically increased because of the increasing ice 
component in the soil mixture. The ice in frozen soil can serve as a bonding agent between soil 
particles, and it increases the cohesive strength of soil considerably. However, when frozen soil 
is thawing, the melted water (especially in ice-rich soils) can be trapped, leading to large 
magnitude of excess pore water pressure, thus weakening the soil. In seasonally freezing soils as 
well as in permafrost regions, the design of transportation infrastructure (highways, bridges, 
airfields and pipelines) needs to consider the strength and deformation of frozen soil, and 
knowledge of the stress-strain relationship for freezing and thawing soils is critical. 
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Unfortunately, few research studies have been devoted in the past to address changes in stress-
strain relationship and strength of soils subjected to freezing and thawing. 
Zhu et al. (1992) did a number of uniaxial compression tests on frozen soils of different 
types. They concluded that the stress-strain behavior of frozen soils are dependent on strain rate 
and temperature and can be classified into 9 categories. Approximate functions describing the 
stress-strain relationship in each category were given. 
Niu et al. (1998) took into account the effect of creep damage on the constitutive 
relationship for frozen soils. A set of equations including a damage evolution equation, yield 
criterion and damage growth strain were constructed. Comparison of the model with test results 
indicated that the model captures the creep properties of frozen soil well. 
He et al. (2000) developed a constitutive model for frozen soil based on continuous 
thermodynamic mechanics and damage mechanics, and can be used to analyze the stress-strain 
relationship and damage development process. The model was visco-elastic-plastic, in which the 
rheological behavior was described by introducing a dissipation potential due plastic deformation 
and damage dissipation. The strengthening and weakening effects of hydrostatic confining 
pressure on a frozen soil (an increase in soil strength with increasing confining pressure if the 
pressure is lower than a threshold, but decrease in strength after confining pressure exceeds the 
threshold) was addressed by Parameswaran and Jones (1981) who included parameters 
associated with the unfrozen water content in the frozen soil. 
Ning and Zhu (2007) developed an elastic constitutive model for frozen sand in which the 
elastic modulus varied with a proposed freezing parameter. The parameter is a function of the 
volumetric fraction of ice in the frozen soil, the ultimate strength and the volumetric strain.  
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Lee et al. (2002) conducted a series of comprehensive tests on Alaskan frozen soils, 
including hydrostatic compression tests, Brazilian tensile strength tests, unconfined compression 
tests and triaxial compression tests. A constitutive equation developed by Fossum and Fredrich 
(2000) was adopted and simplified to describe deformation and failure of frozen soil. The model 
was strain-rate sensitive and anisotropic in both the elastic and plastic regimes. Model 
parameters were calibrated using the test data and the prediction carried out was comparable to 
the test results.  
Shoop et al. (2008) adopted a critical state-like modified capped Drucker-Prager 
plasticity model to describe the behavior of a thawing soil. Triaxial lab tests were conducted to 
calibrate and validate the model. The model was then implemented into commercial finite 
element software and successfully used in the simulation of vehicle mobility on thawing soils. 
Unfortunately, the models were not temperature dependent and could not address the thermal 
effects on the strength of the soil. Phase transformation in freezing and thawing soils were also 
not taken into account.  
Lai et al. (2009) proposed an elastic-plastic damage constitutive model for frozen sandy 
soil based on continuum damage theory. The elastic-plastic stress-strain relationship was based 
on a critical state framework, and the yield surface was chosen to be an ellipse in the p, q plane. 
Isotropic hardening was adopted and the hardening parameters were chosen to be plastic shear 
strain, plastic volumetric strain and plastic work. Damage variables were then introduced into the 
elastic-plastic constitutive relationship, making the elastic modulus dependent on the confining 
stress and axial strain. With these, the strengthening and weakening effects of confining pressure 
in frozen soil were successfully addressed. The model was also compared with the Mohr-
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Coulomb criteria, and shows its advantages in describing the behavior of frozen soil under high 
confining pressure. 
Li et al. (2011) conducted triaxial creep experiments on frozen soil. Based on the test 
results, a visco-elastic-plastic constitutive model was developed to describe the creep 
characteristics of a frozen soil under high confining pressure. The model was then implemented 
into commercial FE software ADINA, and used in a numerical simulation of a shaft well 
excavation in artificially frozen ground. 
2.3 Critical State and Cam Clay Model 
The critical state concept was introduced by Roscoe, Schofield & Wroth (1958) to describe 
yielding of soils based on the results of tests performed on both sand and clay soils at Cambridge 
University as well as Imperial College, London. The Cam clay model developed later by Roscoe 
and Schofield (1963) was among the earliest constitutive models for soils under the critical state 
framework. Roscoe and Burland (1968) modified the yield condition in the original Cam clay 
model. This model is often referred to as the Modified Cam clay (MCC) model and it has been 
widely used in geotechnical engineering for numerical predictions. Later, more constitutive 
models based on critical state framework were developed, introducing additional state 
parameters. These models have been proven to be applicable in describing unsaturated soils, 
undisturbed (structured) soils, and temperature-sensitive soils.   
In the field of unsaturated soils, Alonso et al. (1990) developed a constitutive model for 
partially saturated soils. The model is usually called the Barcelona Basic Model (BBM) and is 
widely used in the field of unsaturated soil. The model is based on the Modified Cam clay 
model, and the suction was chosen to be the parameter describing the evolution of the yield 
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surface due to change in degree of saturation. The increase in tensile strength due to suction was 
also taken into account by introducing an isotropic tensile yield stress into the yield function. The 
evolution law of the yield surface was derived in the specific volume versus net mean stress 
space. It takes the form 
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where 0p  and 
*
0p  are the pre-consolidation stress for unsaturated soil and saturated soil, 
respectively. λ(0) and λ(s) are the slopes for the normal compression line for saturated soil and 
unsaturated soil, respectively. κ is the slope for unloading reloading line for both saturated and 
unsaturated soils, pc is a reference pressure. 
 Gallipoli et al. (2003) developed an elastic-plastic model for unsaturated soil, which takes 
explicitly into account the effects of suction as well as its dependence on degree of saturation. 
First, the author introduced a variable, which could be a measure of the magnitude of the inter-
particle bonding due to water menisci to describe the suction effect. 
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The variable takes the form  
 ( )(1 )rf s S    (2.2) 
where f(s) is a function of suction which accounts for the increase with increasing suction of the 
stabilizing inter-particle force exerted by a single meniscus; Sr is degree of saturation. Then, a 
correlation between the variable ξ and the ratio e/es was found from the tests and a function was 
postulated by the author (e and es are the void ratios in unsaturated condition and saturated 
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condition at the same stress state, respectively). With these, the saturated normal compression 
line and the unsaturated ones are connected and the evolution law was derived using the same 
procedure as in Alonso et al. (1990), which yields the form  
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(2.3) 
where N is the void ratio at a reference pressure. 
In the thermal-mechanical field, Robinet et al. (1996) developed a thermal elastic-plastic 
model based on the Modified Cam clay model. The model could qualitatively predict the 
behavior of non-expansive saturated clays under combined heating and loading. The slopes for 
both NCL and URL are assumed to be independent on temperature; however, the yield condition 
was defined to be a function of temperature. Therefore, the yield surface is not only changed in 
the p’, q, v space as in the Modified Cam clay model, but also changed in the p’, q, T space by 
which thermal yielding and thermal irreversible strain irTv  can be addressed. The evolution law 
was assumed to be related to the thermal irreversible strain, which takes the form 
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(2.4) 
where T  is a soil constant. The terms in the bracket are the same in the MCC model describing 
the isotropic strain hardening, whereas the last term is to define the evolution of yield stress due 
to thermally induced strain. Graham et al. (2001) came up with a similar model. Instead of being 
constant, the slope for the URL in this model was defined to be decreasing with an increase in 
temperature. The shift in specific volume due to temperature is defined by the thermal 
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volumetric strain. The yield condition was the same as in the MCC model, and an associated 
flow rule was adopted. The evolution law was assumed to be related to the thermal strain, which 
takes the form 
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(2.5) 
where E is a soil constant, λ is the slope for normal consolidation line, T
vd  is the thermal strain. 
 Abuel-Naga et al. (2007) introduced an isotropic thermo-elastic-plastic model for 
saturated clays under the framework of MCC model. The thermal evolution of the pre-
consolidation pressure took the form: 
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(2.6) 
where α is a soil content. Then Abuel-Naga et al. (2009) extended the isotropic model into 
considering the triaxial stress condition. The yield function for the new model was obtained by 
introducing an additional parameter into the one used in the MCC model 
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(2.7) 
in which   is a fabric parameter dependent on temperature (other symbols are the same as in the 
MCC model). The validity of the model was proven by comparing the prediction using the model 
with the test results.  
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 Hueckel et al. (2009) developed a model to address thermal failure in saturated clays 
based on the original Cam clay model. The slope for critical state line was adopted as a function 
of temperature increment. The evolution law for the pre-consolidation pressure took the form 
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(2.8) 
where γ is a material parameter. With the evolution law, the plastic strain hardening and the 
thermal softening can be addressed in the model. Various failure modes of saturated clays 
subjected to temperature changes were captured in the simulation which proves its validity. 
 The application of the Cam clay framework in undisturbed (structured) soil was first 
described in Liu and Carter (1999, 2000). The model was formulated by introducing the 
influence of soil structure into the MCC model, and was often referred to Structured Cam Clay 
model (SCC). To address the soil structure, an additional term describing the difference in void 
ratio between the structured soil and the corresponding reconstituted soil at the same stress state 
during virgin yielding was added to the normal compression line in e, lnp’  space (Liu and Carter 
2002) 
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(2.9) 
where ,y ip  is the value of the mean effective stress at the initial yield point for an isotropic stress 
state; b is a parameter quantifying the rate of destructuring; ie  is the additional void ratio at 
0 ,y ip p , where virgin yielding of the structured soil begins. The yield function was the same as 
in the MCC model, and a non-associated flow rule was adopted. Suebsuk et al. (2010) modified 
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the SCC model by taking into account the effective stress due to soil structure. Tensile strength 
due to the soil structure was also added into the yield function. 
2.4 Multi-Physical Modeling in Geotechnical Engineering 
Multi-physical modeling deals with problems related to more than two of the various physical 
fields. Such physical fields include: mechanical fields (load and deformation), thermal field 
(temperature), hydraulic field (fluid pressure and mass flow), bio/chemical field (reactions), and 
electric/magnetic field (charges, currents, and magnetic circuits).  
There are three basic algorithms for multi-physical modeling: one-way coupling, loose 
coupling, and full coupling (Minkoff et al., 2003). One-way coupling is the earliest manner for 
multi-physical modeling, in which equations for different fields are solved independently in each 
step, and the output from one field is passed as input to the other (without information passed 
back) to solve for the next step. This algorithm is easy to perform, it is computationally less 
costly, and it is good for problems with one field dominate the process compared to the others. 
Chances are that physical fields are mutually affected thus considering the effect in only one 
direction may not reach to an acceptable result. Full coupling method, with all the field variables 
in one set of equations to be solved simultaneously, provides the most realistic results for such 
problems. However, the matrix formed from the coupling equations could be huge and the 
computational cost is significantly large. Loose coupling (sequential coupling) algorithm is in 
between one-way and full coupling. The equations for different fields are solved independently, 
but information is passed sequentially between different fields. The results from this algorithm 
may not as accurate as by the full coupling one, but it is much faster and the results have been 
proven to be reasonable.  
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Thermal-hydro-mechanical (THM) modeling deals with multi-physical processes where 
temperature, hydraulic pressure, and mechanical deformation are simultaneously considered. The 
mechanisms in a coupled THM system are shown in Figure 2.4. In geotechnical engineering, 
THM has been widely used in solving porous medium problems in which temperature changes 
and mass movement are combined, often referred to as thermal consolidation. Such thermally 
induced consolidation processes could be related to the heating released from a buried nuclear 
waste, or from a bio-reaction in a solid waste of a landfill.   
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Figure 2.4 The interaction mechanisms in a coupled thermal-mechanical-fluid flow system  
(after Neaupane et al., 1999) 
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Application in Porous Medium  
Rutqvist et al. (2001a) summarized and compared the assumptions and fundamental equations in 
the THM models used in four THM finite element codes: ROCMAS, FRACON, THAMES and 
ABAQUS-CLAY from different research teams. Rutqvist et al. (2001b) compared the results 
from the heater experiment done in a test pit in Kamaishi Mine with numerical predictions made 
by the four FEM numerical codes. The results indicated reliable (although advantages in 
different aspects) predictions of the models for the heat transfer and moisture flow in the thermal 
consolidation process in rock. However, the capability of the numerical model in prediction of 
low-stress environment, unsaturated medium were limited. Then as a part of the international 
DECOVALEX III project, and the European BENCHPAR project, the impact of THM couplings 
on the performance of a bentonite-back-filled nuclear waste repository in rocks is evaluated 
using the numerical codes and the results are presented in a series of three companion papers: 
Chijimatsu et al. (2005), Millard et al. (2005) and Rutqvist et al. (2005). 
Chen et al. (2009) created a THM model for unsaturated porous media. The model 
included a modified Darcy’s and Fourier’s law to address the fluid and heat flow. The dynamic 
viscosity of liquid water and void ratio were defined to be dependent on temperature. The 
influence of liquid flow on temperature gradient (thermo-osmosis), on mass and heat 
conservation equations, and the influence of heat flow on water pressure gradient and thermal 
convection were taken into account. 
Application in Soils 
Missoum et al. (2011) developed a fully coupled THM model considering nonlinear behavior, 
including temperature dependent dynamic viscosity of liquid and air as well as temperature 
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gradient dependent liquid and air flow. The partial differential equations in the model were 
solved using a Galerkin weighted residual approach in the space domain and an implicit 
integrating scheme in the time domain. The model was successfully used in predicting behavior 
of unsaturated swelling soils. 
 Qin et al. (2010) developed a THM model for unsaturated soils based on mixture theory. 
The dependence of degree of saturation on temperature and stress, the thermal expansion of the 
soil skeleton, the water and gas flux due to temperature gradient (i.e., the Soret effect), the latent 
heat of vaporization of water, and the influences of porosity and water content on heat 
conduction were described in the model. The effect of gas pressure on the phase transition was 
considered by using thermodynamic restriction relationship based on the vapor chemical 
potential.  
 Dumont et al. (2011) proposed a THM model for unsaturated soils by introducing a 
capillary stress into the effective stress concept. The capillary stress was calculated from the 
attraction forces due to water menisci on a microstructure level. Thermal softening and 
desaturation were considered in the model.  
 Tao et al. (2012) developed a THM model to describe the behavior of methane-
containing coal. The model assumed an elastic homogeneous and isotropic body with constant 
thermal coefficients. The coal was saturated with methane and Darcy’s law was used to govern 
the gas flow. The model was verified by comparing the simulation results of coal and gas 
outburst using the model with the analytical solution. 
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Application in Freezing and Thawing in Porous Medium 
Some researchers have been trying to use the THM method to address the freezing and thawing 
process in porous medium e.g. rocks, concrete and soils. Early researchers who used coupling 
equations in addressing the heat and mass transfer in freezing soils include: Harlan (1973), 
Guymon and Luthin (1974), Taylor and Luthin (1978), and Jame and Norum (1980). 
Fundamental governing equations were built and numerical methods were provided to solve the 
partial differential equations. Due to the lack of computation tools, the application of the 
methods were limited. As computer technology developed, the THM method became popular 
again in late 1990’s and was widely used in both research and practice. 
Neaupane et al. (1999) constructed a THM coupled model to describe the freezing and 
thawing properties of rocks. A linear thermo-poro-elasticity stress-strain constitutive relationship 
was adopted. Darcy’s law for the fluid flow and the Fourier’s law for the heat flux were used in 
the conservation equations. Neaupane and Yamabe (2001) improved the model by including the 
thermo-poro-elasto-plasticity constitutive relationship and the Mohr-Coulomb yield condition. 
An experiment was performed and the measured deformation of rock material upon freezing 
indicated a good trend in model prediction. Kang et al. (2013) developed THM model for 
freezing and thawing in rock and implemented the model into the finite difference program 
FLAC-3D. A simulation of underground low temperature gas storage was performed. 
Exadaktylos (2006) proposed a coupled model for freezing and thawing of saturated porous 
medium by making assumptions that freezing and thawing is governed by the theory of 
thermodynamics of reversible process. Because these models were developed for rocks and 
concrete, they did not take into account the frost heave and the settlement caused by thaw 
consolidation. 
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Corapcioglu and Panday (1995) developed a THM model for unsaturated thawing soil. 
The model assumed the soil air to be at the atmospheric pressure, other constituents including 
water, soil grains, and ice were considered to be incompressible. Phase change of water was 
considered, whereas the evaporation and sublimation of water was neglected.  
Zhou and Meschke (2013) proposed a THM model to describe soil freezing. The frost 
heave was taken into account based on the theory of pre-melting dynamics, in which the 
contribution of the cryogenic suction was addressed in the coupling equation. The model was 
verified and successfully used in a simulation of artificial ground freezing in tunnel excavation. 
Zhou and Li (2012) differentiated the ice pressure and the water pressure in the 
equilibrium equation and the Clapeyron equation was used to define the relationship between the 
two. The fundamental governing equations were introduced with a parameter called “separating 
void ratio”, which played a role as a judge criterion for the formation of ice lenses. By doing this, 
the frost heave was able to be addressed. The model was then implemented into commercial 
software COMSOL and a saturated freezing soil column was simulated to show its validity.   
Hansson et al. (2004) proposed a TH model for the water flow and heat transfer in frozen 
soil. A modified Richards’s equation considering the effect of both hydraulic and temperature 
gradient on the water flow was used in the governing equation. The temperature and water 
content distribution in one-dimensional simulation were close to experimental measurements.  
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3 OBJECTIVES 
 
CHAPTER 3 
OBJECTIVES 
 
The objective of this research is to advance the modeling of freezing and thawing soils and to 
demonstrate simulation capabilities of the freezing and thawing process in soils. Changes in 
stress-strain relationships and strength of soils experiencing freezing and thawing will be 
considered. The deformation induced by the thermal process, frost heave and thaw consolidation, 
will be addressed. Specific objectives are as follows: 
 To develop a temperature-dependent elastic-plastic stress-strain relationship with 
evolution of strength for soils experiencing freezing and thawing; 
 To revise the porosity rate function to more accurately simulate the amount of frost 
heave during freezing of frost susceptible soils; 
 To build up a comprehensive constitutive model considering the thermal, hydraulic and 
mechanical processes; describe the evolution of geotechnical engineering properties of 
soils during freeze-thaw cycles; 
 To implement the model in a numerical (finite element) method, and to obtain 
parameters of the model through calibration using existing laboratory test data; 
 To simulate the freezing/thawing processes for infrastructure-related boundary value 
problems, such as frost heave around culverts and pipelines in seasonal freezing or 
permafrost regions.  
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4 ELASTIC-PLASTIC MODELING FOR FREEZING AND THAWING OF SOILS 
 
CHAPTER 4 
ELASTIC-PLASTIC MODELING FOR FREEZING AND THAWING OF 
SOILS 
 
The stress-strain relationship and strength are essential to modeling soil behavior upon loading. 
In general, the difference in stress-strain relationship of soils caused by temperature changes can 
be neglected. This is due to the fact that for most of the cases, the influence of temperature 
change on soil structure is very small and the soil behavior does not vary significantly. However, 
when the soil is under extreme temperatures and the properties or fraction of soil constituents are 
changing, the stress-strain relationship for the entire soil mixture may be considerably changed. 
A soil experiencing freezing or thawing is one such example, during which the components of 
the soil mixture are changing, and so are the stress-strain relationship and soil strength. 
In this chapter, an elastic-plastic constitutive model is introduced first, including freezing 
and thawing, to capture the stress-deformation behavior and strength evolution of the soil 
subjected to both loading and temperature changes. The model is based on the critical state 
framework and it is formulated by introducing the influence of fraction of pore ice into the 
modified Cam Clay model. The elastic-plastic constitutive relationship is then calibrated using 
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test data. The chapter concludes with some remarks regarding the compression curves 
corresponding to diverse loading paths.  
4.1 Introduction 
A soil experiencing freezing and thawing may have dramatically different properties, depending 
on its thermal state. A thermal process could significantly change the quantitative content of the 
soil mixture components. For a non-frost-susceptible soil, such as sand or gravel, although no ice 
segregation will take place during freezing, ice will form in the pores due to the phase change 
and will co-exist with the pore water. For a frost-susceptible soil, however, such as silt or clay, 
both pore ice and ice lens will form during freezing.  
A soil (both frost-susceptible/non-susceptible) tends to become stronger when it is 
freezing compared to its room temperature strength and then loses the gained strength when it 
thaws. Even though there is a lot of interest in thaw-weakening of soils (Henry et al., 2005), little 
effort was devoted in the past to address changes in strength to soils subjected to freezing and 
thawing, and no reliable constitutive models have been developed. Recently, some effort was 
made toward describing elastic-plastic behavior of frozen soils (Lai et al., 2009; Li et al., 2011), 
but quantitative changes in the soil mixture components upon freezing and thawing, and the 
corresponding changes in strength, are not addressed by these models. Others tried to exploit an 
analogy of cryogenic suction in freezing soil to matric suction in unsaturated soils (Nishimura et 
al., 2009), thus borrowing from the constitutive relationship for unsaturated soils. However, 
neither the cryogenic suction nor the hydraulic conductivity of frozen soils was evaluated with 
confidence. Therefore, these efforts did not give rise to computational tools that could be used 
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reliably in model-based simulations. An elastic-plastic constitutive model is developed to 
describe the mechanical behavior of a freezing and thawing soil in this chapter. 
4.2 Elastic-Plastic Model for Freezing and Thawing Soils 
A critical state concept was put forward by Roscoe, Schofield and Wroth in 1958 for describing 
yielding of soil in simple shear and triaxial tests. It was then proven to be an effective concept 
dealing with plasticity of saturated clays. Then, the Original Cam Clay Model and the Modified 
Cam Clay (MCC) Model were developed based on the critical state framework by Schofield and 
Wroth (1968) and Roscoe and Burland (1968), which have been fundamental constitutive models 
and widely used in both geotechnical research and engineering practice. In more advanced soil 
mechanics, additional parameters are added into the Original (Modified) Cam Clay model to 
make it suitable for specific applications. Such models include the Barcelona Basic Model (BBM) 
developed by Alonso et al. (1990) to address the effect of suction in unsaturated soil mechanics 
and the Structured Cam Clay (SCC) Model presented by Liu and Carter (2002) to take into 
account the influence of soil structure on soil plasticity, etc. In this section, the Modified Cam 
Clay Model will be used as the fundamental framework. By adding a pore ice ratio parameter, 
the model will be suitable for describing the behavior of freezing and thawing soils. 
4.2.1 Pore Ice Ratio 
When freezing, soils tend to become stronger compared to soils at room temperature. This is 
because the water in pores will freeze, and the pore ice will serve as particles/grains cementation 
or bonding agents, resulting in an increase in strength. The loss of strength will then occur upon 
thawing when the bonding is released by melting of the pore ice. While other mechanisms 
inducing strength increase upon freezing may exist, the components fraction changes (the 
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presence of pore ice) is the chief cause for strengthening of freezing soils. Therefore, the pore ice 
ratio eip is introduced as a key parameter in the description of the behavior of frozen soils 
 
ip
ip
s
V
e
V
  
 (4.1) 
where Vip is the volume of ice in pores and Vs is the volume of the solid constituent (mineral 
skeleton) in a given volume of soil.  
The pore ice ratio is uniquely related to the unfrozen water content in frozen soils, which 
is a soil property associated with the freezing process. Because eip is temperature-dependent, the 
entire model is dependent on the temperature. As the unfrozen water content can be obtained 
from laboratory tests, eip can be assessed from the very same tests. 
4.2.2 Unfrozen Water Content Curve (UWCC) in Frozen Soil 
In frost susceptible soils, such as silts and clays, not all water freezes at the freezing point due to 
the existence of surface tension of the water meniscus formed between soil particles. The amount 
of liquid pore water remaining in frozen soil with respect to freezing temperature is a soil 
property and the unfrozen water content curve is used to describe this relationship.  
A 3-parameter function developed by Michalowski (1993) is adopted here to describe the 
unfrozen water content curve (UWCC) in the frozen soil. The function takes the following form: 
 0
( )* *
0( )
a T T
w w w w e
    
(4.2) 
where a is a parameter defining the rate of decrease in liquid moisture with decreasing 
temperature, w0 is the moisture content of unfrozen soil, w
* is the residual unfrozen water content 
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at some low reference temperature, T0 is the freezing point of water. The plotted curve for 
Equation (4.2) and corresponding parameters are illustrated in Figure 4.1. When soil freezes and 
then thaws, the freezing and thawing UWCCs are not identical, with the primary thawing curve 
below the primary freezing curve. However, an identical curve for both freezing and thawing is 
assumed here in simulations due to the lack of data for differentiating them. 
 
 
Figure 4.1 Unfrozen water content curve 
 
For saturated soils, all the pore ice is from the phase change of pore water, the volume of 
pore ice Vip can be calculated from the decrease in liquid water content according to the UWCC. 
The pore ice ratio ipe  in Equation (4.1) can then be calculated as  
 0( ) 1.09
s
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w
e w w
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(4.3) 
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where ρs and ρw are the density of the solid mineral and water, respectively. By substituting 
Equation (4.2) into Equation (4.3), the function can be rewritten as:  
   0( )*0 1 1.09a T T sip
w
e w w e


     
(4.4) 
Because the unfrozen water content is a function of temperature, so is the pore ice ratio 
expressed in Equation (4.4). 
4.2.3 Critical State Model for Freezing and Thawing Soils 
Compression of frozen soils 
To describe volumetric changes of the soil, specific volume v is introduced and defined as 
 1
s
V
v e
V
    
(4.5) 
where V is the total volume of a representative soil element, Vs is the volume of solids in this 
element, and e is the void ratio. The mean effective stress p  is defined as 
 
1
, 1,2,3
3
kkp k    (4.6) 
where kk   is the first invariant of the effective stress tensor.  
Compression of both the unfrozen and frozen soil can be represented by the normal 
compression line (NCL) and the unloading-reloading line (URL) on the plane v vs. ln(p’/pr), 
Figure 4.2(a), where pr is the reference effective isotropic stress (pressure). The slopes of the 
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NCL and URL are described by parameters   and κ ( f and κf for frozen soil, and both vary 
with the change in pore ice ratio eip). The NCL for unfrozen soil is defined by equation 
 0 ln r
p
p
  

   
(4.7) 
where v0 is the specific volume at reference pressure p
r. The elastic change of the specific 
volume in the unloading-reloading regime is given by 
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(4.8) 
Normal compression lines for an unfrozen and frozen soil are illustrated in 
Figure 4.2(a, b) along with the unloading-reloading line for the frozen soil. Only one NCL for 
frozen soil is shown in Figure 4.2(a, b) (for one value of pore ice ratio eip), but the model 
accounts for a family of normal consolidation lines dependent on the value of pore ice ratio eip. 
The following relationships are postulated for slopes of NCL and URL for frozen soil  
 1exp( )f ipe    , 2exp( )f ipe     (4.9) 
where 1 and 2 are soil constants (Zhang and Michalowski 2013). Soils tend to become stronger 
and stiffer when they freeze. This behavior is characterized by an increase of the yield condition 
(in the stress space), and flatter slopes of NCL and URL for frozen soils (Qi et al. 2010, Lee et al. 
2002). The slopes λ and κ for unfrozen soil, and λf and κf for frozen soil, can be obtained from 
isotropic compression tests in a triaxial apparatus. Information about a triaxial apparatus 
designed specifically to test frozen soils can be found elsewhere (Zhao et al. 2013, Re et al. 
2003). Having tested the response of soil to isotropic compression, soil constants 1 and 2 can 
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be obtained from fitting the experimental results into the functions in Equation (4.9), with eip 
known from the unfrozen water content curve for a given temperature (this will be demonstrated 
later). 
 
 
 
Figure 4.2 (a) Compression curves for freezing soils in v, p’ space, (b) Compression curves in 
v, ln(p’/𝑝𝑟) space,  (c) Yield condition for freezing soil 
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The yield condition 
An elliptical yield surface in q, p’-plane (deviatoric, effective isotropic stress) is adopted 
 
2 2
0 0( )( ) 0tf q M p p p p       (4.10) 
where p0 and p0t are the material properties representing yielding in isotropic compression and in 
isotropic tension, respectively. The ice constituent in the mixture is considered part of the solid, 
and the effective isotropic pressure p  is the combined stress in the mineral and ice. Yielding 
stress can change as a result of a compression process; isotropic stress at yielding for unfrozen 
soil is uniquely related to specific volume v and it is referred to as the pre-consolidation pressure 
(p0). However, the yield pressure can be increased as a result of freezing. For frozen soils, the 
yielding pressure will be designated by 
0
fp , i.e., for frozen soil 0 0
fp p  in Equation (4.10). 0
fp  
is a function of both the specific volume and the pore ice ratio eip (therefore, the temperature). 
When 
0
fp  is increased because of freezing, it will be referred to as a pseudo pre-consolidation 
pressure, because the hardening is caused by the phase change and “ice bonding”, rather than the 
normal compression process.     
Bonding of particles with pore ice provides the frozen soil with some tensile strength. As 
the pore ice ratio increases, the isotropic tensile yield strength 0tp  in Equation (4.10) also 
increases (but 0 0tp   for unfrozen soil). The following evolution law is postulated for the 
isotropic tensile strength  
  30 1 ipet tp p e    (4.11) 
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where 3 is a soil parameter and pt is an asymptotic bound to the tensile strength of frozen soil 
with increasing eip (tensile strength of frozen soil at some low temperature; pt = -1.0 MPa was 
used in calculations). Information on tensile strength of frozen soil and ice can be found in 
Akagawa and Nishisato (2009). The modification to include tensile strength was introduced 
earlier by Alonso et al. (1990) in the context of unsaturated soils.  
 The parameter M in Equation (4.10) defines the inclination of the critical state line, as in 
the modified Cam clay model (Roscoe and Burland 1968, Wood 1990). The inclination of the 
critical state line is assumed to be independent of the pore ice ratio (also illustrated in 
Figure 4.3). Plastic deformation of the soil is assumed to be governed by the normality rule. 
 The evolution of the yield condition during a freezing process is illustrated in 
Figure 4.2(c) as a function of pore ice ratio eip. An unfrozen saturated soil at point A on the 
normal consolidation line (Figure 4.2(a)) is subjected to freezing under a constant isotropic stress 
Ap . The volume expansion due to phase change causes the specific volume to increase by a 
small amount. While the state of the soil is now represented by point A in Figure 4.2(a), the 
pseudo pre-consolidation stress increased from 0p at point A to 0
fp at point B on the normal 
consolidation line for frozen soil, Figure 4.2(c) as a result of freezing alone. However, the soil is 
now in the elastic state represented by point A  in Figure 4.2(c). During the freezing process the 
pore ice ratio increased from 0 for the unfrozen soil to the value of 1ipe , and the yield condition 
increased accordingly. If isotropic loading is now applied under a constant temperature, the 
specific volume will decrease at the rate of f  following the secondary compression line for 
frozen soil until it reaches the pseudo NCL for frozen soil. This loading process is represented by 
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path A B  in both Figure 4.2(a) and Figure 4.2(c). During the isothermal loading process, the 
pore ice ratio remains constant at 
1ipe .  
The evolution law 
A procedure is introduced here to define the evolution of the pre-consolidation stress for frozen 
soil. This evolution law is similar to that introduced by Alonso et al. (1990) for unsaturated soils 
in terms of matric suction. Here,
0
fp  it is the pore ice ratio, in addition to stress, that governs the 
yield function evolution.  
The change in the specific volume A B   that occurs as the soil is loaded from point A  
to point B can be written as 
 A B B A AA        (4.12) 
Specific volumes at point A and B are defined by the respective normal consolidation lines 
(Equation (4.7)) 
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whereas the change in v during elastic loading of the frozen soil along A B , based on 
Equation (4.8) 
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Substituting Equations (4.13) through (4.15) into Equation (4.12), one obtains  
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where 0.09eip is the change in specific volume caused by expansion of water due to phase 
change. Finally, the pseudo pre-consolidation stress for frozen soil becomes  
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 (4.17) 
with both λf and κf being functions of pore ice ratio eip. The pseudo pre-consolidation stress for 
frozen soil is, of course, a function of eip. To make the numerical calculations simpler, we 
postulate the relationship of v0 to 𝑣0
𝑓
 as a function of eip 
 0 0 0.09
f
ip ipe e      (4.18) 
0
fv  is a function of eip, and it is indicated in Figure 4.2(a) for one specific value of eip (if eip = 0, 
then 0 0
fv v ). The calibration (shown later) indicated that taking β as a function of pr is a 
reasonable assumption. Therefore, Equation (4.17) can be rewritten as  
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Parameter β can be obtained from isotropic compression tests in a triaxial apparatus. Slopes λ, κ 
and pre-consolidation stress p0 for unfrozen soil, and slopes λf, κf and pre-consolidation stresses 
0
fp for frozen soils with diverse eip, can be obtained from the same isotropic compression tests.  
An illustration of how the pseudo pre-consolidation stress 
0
fp  and 0tp  vary in soil with 
progressively increasing pore ice ratio  is illustrated in Figure 4.3 (the following parameters 
were used: p0 = 300 kPa, α1 = 0.2, α2 = 0.4, α3 = 0.6, β = 0.3, λ = 0.35, κ = 0.07, pt = -1.0 MPa, 
pr = 0.1 MPa).  
 
Figure 4.3 Yield surfaces in (p’, q, eip) spaces 
  
ipe
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Illustration of freezing, loading, unloading and thawing 
An illustration of a freeze-thaw and load-unload cycle is shown in Figure 4.4. A saturated soil 
specimen is pre-consolidated under isotropic compression to reach point A. Now, the freezing 
process takes place under constant stress, so that the pore ice ratio of the soil increases from zero 
to eip1. A small increase in the specific volume is related to expansion of water upon freezing 
(saturated soil). As the freezing occurs along path AA’ (Figure 4.4(b)), the pseudo pre-
consolidation pressure of the freezing soil increases to reach 
0
f
Bp , but the soil remains in an 
elastic state at A’. The normal consolidation line for the soil with eip1 is marked with the dashed 
line. The temperature is now maintained, but the isotropic compression is increased from Ap   to 
reach the normal compression line for frozen soil at B’. The load is then increased and the 
process continues along the normal consolidation line for frozen soil to reach point C’ (with pre-
consolidation stress 0
f
Cp ).  
 If the soil was to be unloaded at point C’ (Figure 4.4(a)), and then thawed to reach point 
D, the pre-consolidation pressure would decrease from 
0
f
Cp  to 0Dp , following curve C’D in 
Figure 4.4(b). This reduction in pre-consolidation pressure can be calculated from 
Equation (4.20) as 
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 (4.20) 
which is in the reverse form of Equation (4.19). The pore ice content can be calculated from 
Equation (4.3) with the liquid moisture content from UWCC in Figure 4.1.  
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 Consider the soil being still at point C’, Figure 4.4(b), but it is now subjected to thawing. 
The process follows path C’C at constant stress Cp . While the soil is thawing, it cannot sustain 
the load without yielding. This is because the gradual melting of ice causes the loss of “ice 
bonding” leading to a decrease in strength.  The space between NCL for unfrozen soil (ADC) 
and that for the frozen soil with eip1 (the dashed line) is occupied by a family of normal 
consolidation lines for the frozen soil with pore ice ratios between 0 and eip1. Because the stress 
Cp  is maintained, a hardening process takes place as the specific volume decreases, causing the 
pre-consolidation pressure to be constant, but associated with yield conditions with different pore 
ice ratios as the process progresses from point C’ to C, Figure 4.4(a). 
 
Figure 4.4 Illustration of a freeze-thaw cycle with loading 
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 We now illustrate how to calculate plastic deformation during loading of frozen soil and 
during thawing. This is needed when calculating thaw settlement. An increment in the specific 
volume of frozen soil during loading is 
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 (4.21) 
whereas the elastic portion of it is given in Equation (4.8). Because the volumetric strain 
increment can be related to the change in the specific volume, in general, as 
 v
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v
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The plastic volumetric strain increment caused by mechanical load driving the process from 
point B’ to C’ (Figure 4.4(a)) can be derived by subtracting the elastic change in v in 
Equation (4.8) from the total change in Equation (4.21), and using Equation (4.22) 
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and, consequently 
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The decrease in specific volume in the thawing process C’C is related to the thermally induced 
yielding, and is equivalent to the drop in specific volume due to the virgin compression of 
unfrozen soil from D to C (Figure 4.4(a)). Therefore, the irreversible strain tv  due to thaw 
weakening can be calculated as  
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Soil freezing with ice segregation 
The model described defines the strength evolution for a non-segregation freezing and thawing 
soil. The presence of ice lenses will alter the yield condition and the strength changes are likely 
to be anisotropic, because of the directional formation of lenses (perpendicular to the heat flow 
direction). These changes are not included in the model due to a lack of experimental data.  
Therefore, it is suggested for now that the yield condition described be used for both non-
segregation and segregation freezing processes. However, segregation freezing will shift the 
NCL and URL upward on the plane of specific volume versus ln p , because the increase in 
volume caused by growing ice lenses is included in the model as an average growth in porosity.  
 In a thawing frozen soil with ice segregation, the ice lenses do not start melting until the 
temperature reaches 0°C, whereas the pore ice starts melting earlier, with unfrozen water content 
consistent with Figure 4.1. Tests performed by Konrad (1989) indicate that if ice lenses formed 
during freezing, the void ratio after a freeze-thaw cycle will decrease in normally consolidated 
soils, presumably due to consolidation caused by suction. Consequently, a normally consolidated 
soil specimen will exhibit settlement after the freeze-thaw cycle(s). However, a small portion of 
the heave may remain after the freeze-thaw cycle in over-consolidated soils, particularly in soils 
with large over-consolidation ratio. The model developed and presented in this thesis predicts the 
settlement after the cycle (due to consolidation caused by suction during freezing), but it does not 
predict any portion of the heave to remain after thawing in over-consolidated soils. 
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4.3 Calibration of the Model 
The unfrozen water content curve (UWCC) is first calibrated for different types of frost-
susceptible soils based on test data. To calibrate the parameters, w0 and w
* can be directly 
extracted from test data, whereas the parameter a is obtained from curve fitting. The comparisons 
of the calibrated curves and the test data are shown in Figure 4.5. In Figure 4.5(a), the calibration 
curve for a particular clay tested in Fukuda et al. (1997) is shown, and the parameters obtained 
are 
*w  = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1. Figure 4.5(b) shows the calibration 
curve for Fairbanks silt in Alaska (Huang et al. 2004) and the parameters are 
*w  = 0.08, 
w0 = 0.325, T0 = 0°C, and a = 9.0 C-1. By comparing the unfrozen water content curves for clay 
and silt, one may observe that the UWCC of silt is much steeper than that of clay. 
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(a) 
 
 
(b) 
 
Figure 4.5 Calibration of unfrozen water content curve: (a) for clay (Fukuda et al., 1997), (b) for 
silt (Huang et al., 2004) 
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The elastic-plastic constitutive model was calibrated based on the freezing tests done by 
Qi, et al. (2010). The pseudo pre-consolidation stress change as a function of freezing 
temperature is shown in Figure 4.6. The respective parameters obtained from calibration are as 
follows: λ = 0.35, κ = 0.07, p0 = 650 kPa, M = 0.7, α1 = 0.4, α2 = 1.8, pr = 100 kPa, β = 0.18. 
 
 
Figure 4.6 Calibration of pseudo-pre-consolidation stress for frozen soil 
 
 
4.4 Implementation of the Model in Finite Element Method 
The elastic-plastic constitutive relationship has been implemented into a commercial finite 
element software system ABAQUS, using subroutine UMAT which is provided by ABAQUS 
for users to extend its capability in describing mechanical constitutive behavior of materials.  
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In order to implement the constitutive relationship, the Jacobian matrix corresponding to 
the elastic-plastic model needs to be input into the subroutine. As is described in the proposed 
model, the change in size of the yield surface is dependent on both p0 and p0t (Equation (4.10)). 
The change in p0 is controlled by both plastic volumetric strain 
pl
v  (strain hardening) and pore 
ice ratio eip (thermal hardening), whereas the change in p0t is related only with the pore ice 
ratio eip.  
The total elastic-plastic strain increment is a sum of the elastic strain increment and the 
plastic strain increment: 
 
ep e p
ij ij ij     (4.26) 
The elastic relationship adopted is the same as in the Modified Cam Clay model (Roscoe and 
Burland 1968, Wood 1990) and the elastic strain increment can be calculated from  
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 (4.27) 
where K’ = vp’/κ is the bulk modulus and G’ is the shear modulus having the form 
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    (4.28) 
where v is specific volume, κ is the slope for unloading reloading line, and υ is Poisson’s ratio.  
The plastic strain increment caused by compression can be calculated using the same equation as 
in the Modified Cam Clay model  
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where η = q/p’ is the stress ratio.  
The finite element implementation of the elastic-plastic constitutive model uses the 
incremental form of the stress-strain relationship. The procedure has been well developed and 
can be found in Hadedal (1994) and text books, e.g. Wang (2002). The elastic constitutive 
relationship is generally expressed as 
  e p        C C  (4.30) 
where C is the elastic matrix,   is stress increment,   is total strain increment, e  is elastic 
strain increment and 
p  is plastic strain increment. The plastic strain increment is related to 
plastic potential and in a p’, q space, it can be written as 
 
p
v
g
p
 



 (4.31a) 
 
p
q
g
q
 



 (4.31b) 
where χ is the plastic multiplier, and g is the plastic potential function. The hardening rule is 
related only to the plastic volumetric strain and is expressed as 
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The differential of the yield condition is (Prager consistency condition) 
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So far, the model was expressed in p’, q space. In order to implement the model into finite 
element environment in general Cartesian coordinate system, Equation (4.33) is converted into  
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Substituting Equations (4.30 and 4.32) into Equation (4.34), one can obtain the expression for the 
plastic multiplier increment 
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in which A is hardening modulus and has the following form 
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 (4.36) 
An associated flow rule was adopted, g = f, and the derivatives of the yield function with respect 
to the state parameters can be derived from Equation (4.10) 
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Substituting Equations (4.23 and 4.37) into Equation (4.36), the hardening modulus can be 
rewritten as 
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By inserting the plastic strain increment   
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into the constitutive relation (Equation (4.30)), an elastic-plastic stress-strain relationship can be 
obtained based on the total strain increment 
 
T
ep
T
g f
f g
A
  
    
   
      
     
    
     
 
  
 
C C
C C
C
 (4.40) 
where Cep is the elastic-plastic constitute matrix which is coded into the Jacobian matrix in the 
subroutine.  
Boundary value problems can be solved using this model, along with the heat transfer 
model provided in ABAQUS to explore the mechanical behavior of frozen soils.  
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4.5 Model Demonstration  
A soil specimen subjected to different mechanical loads and thermal processes was simulated to 
demonstrate the capability of the model. The height of the model specimen (y direction) is 7 cm, 
and it is divided into 30 finite elements, whereas the width (x direction) is 5 mm (1 element). The 
temperature and corresponding strength of the soil upon freezing and thawing were monitored 
during the simulation.  
The geometry and boundary condition of the model are shown in Figure 4.7(a). The finite 
element mesh with the given uniform initial temperature 3C is shown in Figure 4.7(b), the 
steady-state temperature distribution after freezing temperature is applied is shown in 
Figure 4.7(c). The thermal boundary condition for side walls of the model is adiabatic, so that the 
heat flow only takes place in the vertical direction. The temperature at the bottom boundary was 
kept constant at 3C, whereas the top boundary was subjected to freezing and thawing 
temperatures. The mechanical boundary condition for the left side wall and bottom are such so 
that they cannot move in the normal direction. The model was initially under an isotropic 
compressive stress of 20 kPa. The compression changes when the soil specimen is under 
different steady-state temperatures so that the constitutive behavior of the soil under diverse 
thermal-mechanical combination can be demonstrated. 
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         (a)                                        (b)                                          (c) 
Figure 4.7 Illustration of finite element specimen: (a) geometry and boundary conditions, 
(b) mesh and initial temperature 3C, (c) steady-state temperature distribution 
 
4.5.1 Isotropic Compression 
Different combinations of thermal (freeze-thaw cycle) and mechanical load (isotropic loading 
and unloading, h v  ) path were simulated. A freeze-thaw cycle was applied on the top 
boundary by changing the boundary temperature suddenly from 3C to -5C till the whole 
specimen reaches steady state, then rising it back to 3C until all the frozen soil thaws. Isotropic 
compressive loading and unloading were applied on the specimen before freezing, after freezing 
and after thawing to test the behavior of the constitutive model. 
𝜎ℎ 
𝜎𝑣 
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The parameters used in the simulation are listed below: (1) for unfrozen water content, 
w* = 0.08, w0 = 0.325, T0 = 0°C, and a = 2.0C-1; (2) for elastic-plastic model, λ = 0.20, κ = 0.05, 
p0 = 80 kPa, M = 0.8, α1 = 0.2, α2 = 0, α3 = 0.2, pr = 1.0 kPa, β = 0.18, pt = -1.0 MPa; (3) the 
thermal properties are assumed to be the same for both frozen and unfrozen soil: heat 
conductivity λ = 1.5 W/(m∙°C), mass heat capacity c = 2000 J/(kg∙°C). As the heat transfer 
process is not within the scope of this demonstration simulation, this assumption does not affect 
the demonstration. 
As indicated in Figure 4.7(c), the freezing temperature after reaching steady state at each 
element are different due to the temperature gradient. The temperature at the center of 
element #25 is about -4°C, whereas at the center of element #10 is about -1°C. According to the 
evolution law presented in the previous section (Equation (4.19)), the soil strength after frozen 
(represented by the pseudo pre-consolidation pressure) for element #25 is higher than 
element #10, although they had the same strength (pre-consolidation pressure) before freezing. 
As a result, the elements may have differnent behavior if they are experiencing loading and 
unloading after freezing, and after thawing.  
The compression curves for three postulated thermal and mechanical proceses are shown 
from Figure 4.8 to Figure 4.10. In each figure, the results are shown in such order: (a) 
temperature change scheme at the boundary; (b) mean effective stress change sheme; (c) void 
ratio vs. mean effective stress (e vs. p’ in log plot) for element #25; (d) void ratio vs. mean 
effective stress (e vs. p’ in log plot) for element #10.  
The “vertical jumps” in the e vs. p’ plot represent the void ratio change in the soil mixture 
due to freezing and thawing. During freezing, the void ratio increases due to the volume 
expansion upon phase change of water and ice lens formation, whereas in thawing, the void ratio 
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has a tendency to decrease. The rate of the changes in void ratio is of course dependent on 
thermal process for freezing and consolidation process for thawing. These processes, however, 
will be addressed in the following chapters as they are beyond the scope of this demonstration.   
In each case, the void ratio increase during freezing in element #25 is larger than in 
element #10, because more pore water freezes into pore ice in element #25 (according to the 
UWCC). Both of the elements underwent the same mechanical loading; however, element #10 
experienced yielding under freezing, whereas element #25 behaved elastically.  
The implemented model shows its capability giving reasonable results while capturing 
the characteristics of the mechanical behavior of freezing and thawing in soils under isotropic 
compression.  
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(a) (b) 
 
  
(c) (d) 
 
Figure 4.8 Model demonstration - case 1: (a) top boundary temperature, (b) isotropic 
compression stress, (c) e vs. p’ curve for element #25, (d) e vs. p’ curve for element #10  (Path: 
①unloading-②freezing-③reloading and loading-④thawing-⑤unloading) 
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(a) (b) 
 
 
(c) (d) 
 
Figure 4.9 Model demonstration case 2: (a) top boundary temperature, (b) isotropic compression 
stress, (c) e vs. p’ curve for element #25, (d) e vs. p’ curve for element #10  (Path: ①freezing-②
further loading-③unloading-④thawing-⑤reloading and loading) 
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(a) (b) 
 
   
(c) (d) 
 
Figure 4.10 Model demonstration case 3: (a) top boundary temperature, (b) isotropic 
compression stress, (c) e vs. p’ curve for element #25, (d) e vs. p’ curve for element #10  (Path: 
①freezing-②further loading-③thawing-④further loading) 
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4.5.2 Non-Isotropic Compression 
The response of the model under both mean stress and deviatoric stress was tested. A 
compression loading path with deviatoric stress and a freeze-thaw cycle was adopetd. The 
thermal boundary condition and mechanical loading are shown in Figure 4.11(a) 
and Figure 4.11(b), respectively. 
The model specimen (same as shown in Figure 4.7) was isotropically compressed to 
110 kPa in the initial step and unloaded to 80 kPa in step one. Then the horizontal pressure was 
maintained constant at 80 kPa and the axial (vertical) pressure was increased to 150 kPa in step 
two. With the stress state unchanged, the temperature was decreased at both top and bottom 
boundaries to -5C and the thermal process lasted until the specimen was having a uniform 
temperature of -5C in step three. Then the temperature was held constant and the axial pressure 
was increased to 250 kPa in step four. After that, an increase in temperature was applied at both 
the top and bottom boundaries to 3C and the process lasted till the specimen has a uniform 
temperature in step five.  The axial pressure was then descreased to 80 kPa in the final step.  
The parameters used in the simulation are: (1) for unfrozen water, w* = 0.08, w0 = 0.325, 
T0 = 0°C, and a = 2.0C-1; (2) for elastic-plastic model, λ = 0.20, κ = 0.05, p0 = 80 kPa, M = 0.8, 
α1 = 0.2, α2 = 0, α3 = 0.2, pr = 1.0 kPa, β = 0.18, pt = -1.0 MPa; (3) the thermal properties are 
assumed to be the same for both frozen and unfrozen soil: heat conductivity λ = 1.5 W/(m∙°C), 
mass heat capacity c = 2000 J/(kg∙°C).  
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(a) 
 
 
(b) 
Figure 4.11 Non-isotropic compression with freeze-thaw cycle: (a) thermal boundary condition, 
(b) mechanical loading boundary condition 
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The stress path in p’, q space and the corresponding yield surface changed during the 
process are shown in Figure 4.12. The modeled specimen was istropically yielded to 110 kPa 
(point A) then unloaded to 80 kPa (point B). Then non-isotropic compression occurred and the 
stress path went along the line with the stress ratio q/p’ = 3. The loading on the unfrozen soil 
made the stress state reach the yield surface at point C and moved to point D. The yield surface 
was pushed outward as well and the corresponding pre-consolidation pressure increased to about 
162 kPa. The soil was then frozen and the psuedo pre-consolidaiton pressure increased following 
the evolution law (Equation (4.19)) proposed in this chapter. The yield surface for the frozen soil 
expanded and the stress state was left behind in the elastic range. Further loading the specimen 
makes the stress path go from point D to point F, but is still inside the yield surface for frozen 
soil. Now, the soil was thawed with the stress state maintained. During thawing, the pre-
consoliation pressure would like to decrease following Equation (4.20), leading to the yield 
surface shrinking to a coresponding position. However, the stress state was kep constant at  point 
F, causing yielding and hardening during thawing, and leading to the yield surface of the thawed 
soil remain in place (passing through point F). The unloading of axial stress thereafter led the 
stress path back from point F to point B.  
The compression curve in the e, lnp’ space is shown in Figure 4.13. The corresponding  
points in Figure 4.12 are also shown in Figure 4.13. Note, during freezing process, an increase in 
void ratio from point D to point E occurred due to phase change; during thawing process, the 
void ratio drop fom point F to point G was casued by both phase change and thaw weakening. 
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Figure 4.12 Non-isotropic compression: loading path and yield surfaces 
 
Figure 4.13 Compression curve for non-isotropic compression with freeze-thaw cycle 
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 The normal consolidation line (NCL) and unloading-reloading line (URL) for both 
unfrozen soil and frozen soil in the non-isotropic compression are shown in Figure 4.14. The 
dashed lines are for unfrozen (thawed) soil and the dash dot lines are for frozen soil. Point I and 
point J indicate the pre-consolidation pressure for the unfrozen soil and thawed soil, respectively. 
Point K indicates the pseudo pre-consolidation pressure for frozen soil. 
 
 
Figure 4.14 NCL and URL in non-isotropic compression process with freeze-thaw cycle  
 
The pre-consolidation pressure (p0) changes in the process are shown in Figure 4.15. The 
change of p0 in step 2, 3 and 5 are due to loading, freezing, and thawing, respectively. The values 
relelated to points I, K and J can also be identified in Figure 4.14.  
 
A 
B C 
D 
E F 
G 
H I 
J 
K 
 70 
 
 
Figure 4.15 Pre-consolidation pressure  
 
This illustration demonstrates that the non-isotropic compression with freeze-thaw cycle 
can be reasonably described by the implemented model. The model is therefore ready to be used 
as a tool to solve more complicated boundary value problems in terms of elastic-plastic behavior 
of soil experiencing freezing and thawing. 
4.6 Remarks 
An elastic-plastic model has been developed for mechanical behavior in freezing and thawing 
soils which takes into account the strength and stiffness changes of soils upon freezing and 
thawing. The model presented is based on hardening plasticity and critical state framework. The 
model has been implemented into the finite element system to solve boundary value problems. 
The model behavior demonstration shows that it is capable of capturing the mechanical behavior 
I 
J 
K 
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in freezing and thawing soils and giving reasonable results of the void ratio changes due to both 
thermal and mechanical processes. Although no experimental data on such comprehensive 
thermal and mechanical paths are available for calibration and validation, the model indicates 
realistic behavior of soil experiencing freezing and thawing, and a capability of solving practical 
problems.  
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5 MULTI-PHYSICAL MODELING OF FROST ACTION 
 
CHAPTER 5 
MULTI-PHYSICAL MODELING OF FROST ACTION 
 
5.1 Introduction 
Soil freezing and thawing are multi-physics phenomena, which involve three coupled physical 
fields: temperature, hydraulic, and the mechanical field, and they are often referred to as thermal-
hydro-mechanical (THM) coupled problems. The corresponding issues related to soil freezing 
and thawing are frost induced heaving, thaw weakening, and settlement. These consequences of 
freeze-thaw cycles can cause damage to infrastructure in seasonal freezing as well as permafrost 
areas. Although studies of freezing and thawing soils have been carried out for decades, no 
models have been developed that can reliably predict changes in strength. 
While much research effort has been devoted to the phenomenon of frost heaving, much 
less attention has been paid to the soil thawing problem and the entire freeze-thaw cycle. Thaw 
settlement is caused by thermal consolidation under soil self-weight and/or external load, with 
the rate of it being controlled by the drainage of the melted water. For a frozen frost-susceptible 
soil, the total amount of thaw settlement depends primarily on the ice-lenses formed during 
freezing, which distinguishes this process from the conventional consolidation settlement. An 
elastic-plastic constitutive model has been introduced in the previous chapter, which can be used 
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to describe the evolution of strength due to the thermally induced changes of quantitative content 
of the soil mixture components. Now in order to predict the frost action in frost-susceptible soils, 
the deformation of freezing and thawing soil due to ice lens formation and thaw weakening has 
to be addressed. 
In this chapter, a modified porosity rate function is introduced to describe ice lens 
formation, thus the frost heave of soil with respect to time in the freezing process can be 
addressed. Then the function along with the elastic-plastic model will be implemented into the 
thermal-hydro-mechanical framework in the finite element system ABAQUS. The whole system 
will be calibrated using test data for the parameters in the porosity rate function and then used as 
a tool to solve boundary value problems.  
5.2 Porosity Rate Function for Frost Heave 
The porosity rate function (PRF) describes the rate of the average ice growth in a soil volume. 
This model was found to be very effective in simulations of frost heave. A great advantage of 
this model is a relatively small number of parameters needed to describe the process of frost 
heave. The model assumes the soil to be saturated with water (liquid and solid) throughout 
freezing and thawing.  
An early proposal of this function was given in Michalowski (1993), and was modified to 
be more comprehensive by Michalowski and Zhu (2006) as follows 
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(5.1) 
The core of the PRF is  
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which was proved to capture well the growth of soil volume due to ice growth. The notations in 
the function is as follows: n is the porosity rate ( n t  ), T is the temperature of the soil 
mixture (°C), and kk   
is the first invariant of the effective stress tensor in the frozen soil (zero if 
tension). mn  is the maximum porosity rate and mT  is the temperature at which mn  occurs; 0T  is 
the freezing temperature of water; Tg  is a reference temperature gradient at which mn  was 
determined; ζ is a material parameter defining stress dependency. The quotient / T
T g
l


 
indicates a linear relationship of the porosity rate to the temperature gradient in the heat flow 
direction. The term  exp /kk  is a retardation function to describe the reduction of porosity 
rate by the stress state (parameter  was calibrated for specific clay). 
A porosity threshold of 0.75 was introduced, at which heave ceases. This was to indicate 
that frost heave stops or reduces to an insignificant rate after an intense growth at the stabilized 
freezing front (Fukuda et al., 1997). An improvement to the model is proposed by substituting 
this limit with a function of ice and water content. It is believed that the reduction of the rate in 
ice lensing is related to the increase in the ice content during the heaving process.  Therefore, an 
additional term is imbedded in the porosity rate function  
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The term 
 i
we



 is to describe the retardation effect on the porosity growth rate as the ice fraction 
volume θi increases (θw is the unfrozen water fraction) in the freezing process. This function was 
selected based on experimental results (Fukuda et al., 1997), and it allowed elimination of the 
0.75 ice content threshold used in the previous model for heaving to stop.  
5.3 Governing Equations for THM Coupling 
Soil freezing and thawing is a multi-physics process in which thermal field, hydraulic field and 
mechanical behavior are coupled. The soil considered in this model is saturated, and remains 
saturated during freezing and thawing. The governing equations for each of the thermo-hydro-
mechanical (THM) fields are given in the following. 
5.3.1 Equilibrium Equations 
In this model, the effective stress is the stress averaged over the solid particles and ice, and the 
total stress ij  is made up of the effective stress ij   and water pressure u 
 ij ij iju     (5.4) 
Substituting this stress into equations of equilibrium 
 0ij iF    (5.5) 
one obtains 
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where Fi is the body force. 
5.3.2 Conservation of Mass 
Volumetric strain v  is the result of the void volume change, and in a saturated soil the 
volumetric strain depends on the changes of the volume of water in the soil mixture; thus v is 
related to the consolidation process. The mass conservation principle takes the form 
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 (5.7) 
where w and i are the densities of water and ice, respectively; θw and θi are the respective 
volumetric fractions, v  is the volumetric strain, and q is the water flux governed by Darcy’s law 
 ( ) w
w
k
q u gz
g


     (5.8) 
where k is hydraulic conductivity, g is gravity acceleration and z is elevation. 
5.3.3 Conservation of Energy 
The energy conservation equation takes the following form 
 ( T) 0im i
T
C L
t t

 

   
 
 
(5.9) 
where L is the water latent heat of fusion per unit mass; C is the volumetric heat capacity of soil 
mixture, and λm is the heat conductivity of the soil mixture. To avoid numerical difficulties, the 
concept of apparent heat capacity is introduced and the energy balance equation is rewritten as  
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where the expression in parenthesis if the apparent heat capacity. The volumetric heat capacity of 
the soil mixture is 
 w w w s s s i i iC c c c            (5.11) 
and the heat conductivity of the soil mixture is taken as 
 loglog log logm s s w iiw        (5.12) 
or  
 s w im s w i
        (5.13) 
where , ,w i sc c c  and , ,w i s    are mass heat capacity and heat conductivity for water, ice, and soil 
skeleton, respectively. 
5.3.4 Thermal-Hydro-Mechanical Coupling 
The coupling effect of thermal, hydraulic and mechanical processes are described in the 
governing equations through the coupling variables. Such variables include volumetric strain v  
and excess pore pressure, u. A schematic diagram illustrating how the three physical fields are 
coupled is shown in Figure 5.1. 
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Figure 5.1 Thermal-hydro-mechanical coupling diagram  
 
The heat transfer, the deformation and stress state, and the excess pore pressure in the soil 
influence one another. Thermal-mechanical coupling (TM): on the one hand, the heat transfer 
determines the temperature profile of the soil, thus it determines the porosity growth/volumetric 
expansion in the freezing soil. On the other hand, the porosity growth (ice lens formation) of the 
soil leads to a change in the fraction of soil components, thus it changes the thermal properties of 
the soil mixture and affects the following thermal process. The stress field may change too due to 
constraint as the frost heave occurs, and the change in stress may adversely affect further heaving 
of the soil through the porosity rate function. 
Thermal-hydraulic coupling (TH): the hydraulic conductivity in soil is very sensitive to 
temperature, especially for freezing and thawing when phase change occurs. In frozen soil, the 
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hydraulic conductivity may change by orders of magnitude with a slight variation in temperature. 
Therefore, the hydraulic field is affected by the thermal process, and at the same time it has a 
reverse influence on the thermal process by changing the thermal properties of the soil mixture 
as it governs water migration.  
Hydraulic-mechanical coupling (HM): the volumetric deformation in soil is related to the 
void volume change. In a saturated soil, the volumetric strain v  determines the potential change 
in volume of water, the rate of which is controlled by consolidation. If the strain is in 
compression, the water is being drained out and the generated excess pore water pressure is 
positive, whereas if the strain is in tension, negative excess pore water pressure is generated and 
the soil tends to intake water.  
5.4 Implementation of the Model in FEM 
The thermal behavior of soil and the porosity rate function has been implemented into a 
commercial finite element software system ABAQUS, using subroutines UMATHT and 
UEXPAN, which are provided by ABAQUS for users to extend its capability. These 
implemented models combined with the implemented elastic-plastic stress strain relationship 
using subroutine UMAT (described in the previous chapter) provide a comprehensive tool to 
deal with soil behavior upon freezing and thawing. The thermal-hydro-mechanical framework in 
ABAQUS provides an environment in which the tool can be used to simulate the behavior of 
freezing and thawing soils in a multi-physical manner.  
In ABAQUS, the thermal, hydraulic and mechanical fields are fully coupled with the 
temperature, displacement (3 components) and excess pore pressure being the degrees of 
freedom. In each step, ABAQUS solves the conservation of energy (heat transfer) equation in 
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addition to and in a fully coupled manner with the conservation of mass (continuity equation) 
and the mechanical equilibrium equations.  
The subroutines UMAT, UMATHT and UEXPAN are called in each time increment, at 
the end of which the state variables are updated at all integration points of the elements. Such 
state variables include temperature, temperature gradient, stress and components fraction of 
frozen soil etc., and their values are mutually affected in each time step. For instance, the 
porosity growth in a current time increment is dependent on the temperature and stresses stored 
at the end of the previous time increment; at the same time, the growth is reacting to the 
temperature and stresses through the thermal properties and equilibrium equations.  
5.4.1 Implementation of PRF for Porosity Growth 
The porosity rate function is implemented into ABAQUS using subroutine UEXPAN, under the 
assumption that the thermally induced porosity increase (ice lens formation) contributes to the 
volumetric strain. However, since the n  is a scalar while the volume growth is anisotropic, a 
growth tensor ijn is introduced to reflect the predominant growth of ice lenses in the direction of 
heat flow. This growth tensor was described earlier in Michalowski (1993), and it takes the form 
 
0 0
0 (1 ) / 2 0
0 0 (1 ) / 2
ij ijn n n

 

  
  
(5.14) 
where αij is the unit growth tensor; ξ is a dimensionless parameter with values between 0.33 and 
1. The growth tensor is specified in the manner that the major principal growth direction 
coincides with the heat flow direction. When ξ = 0.33, isotropic growth of porosity occurs, 
whereas ξ = 1 represents one-dimensional growth (only in the heat flow direction), and any 
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values in between the two indicate certain anisotropic growth. Here, in order to implement the 
model, the growth tensor is modified so that it could accommodate the finite element system 
 
g g
ij v ijd d  
 
(5.15) 
where g
vd  is volumetric strain due to ice lens growth. The phase diagram indicating the growth 
of ice lenses and change of components in pores (water and ice) are shown in Figure 5.2. The 
incremental change in the porosity can be calculated during each time step by the porosity rate 
function by 
 dn ndt
 
(5.16) 
By the phase diagram, the porosity at time t and t t  can be expressed by  
 ,    v vt t dt
V V dV
n n
V V dV


 

 (5.17) 
Knowing that the volumetric strain (due to ice lens growth) is  
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(5.18) 
The porosity at time t t  can then be described by 
 
/ /
1 / 1
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v t v
t dt g
v
V V dV V n d
n
dV V d
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 
 
 
 
(5.19) 
Therefore, the volumetric strain can be expressed in the change of porosity by 
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(5.20) 
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Figure 5.2 Growth of ice lens and volume increment  
 
The total strain could be either induced by loading or by a thermal process. Thus, the 
increment is composed of the elastic-plastic mechanical increment ep
ijd  and the thermal porosity 
growth increment gijd
 
 
ep g
ij ij ijd d d   
 
(5.21) 
Since an elastic-plastic relationship is developed and used in this model (described in the 
previous paragraph), ep
ijd  is defined and calculated by the constitutive law. The strain increment 
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caused by porosity growth can be written in the following form by introducing a local coordinate 
system xi (i = 1, 2, 3), where x1 represents the direction of the heat flow (modified from Zhu 
2006). 
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(5.22) 
Since in the finite element system, an arbitrary coordinate system x, y, z will be used in the 
computation in which the heat flow direction may not coincide with any of the axes, a growth 
transformation between the two coordinate system must be performed. In geotechnical 
engineering, the direction downward into the soil (parallel to the gravity) usually is 
conventionally chosen as the z direction, whereas x, y are chosen to form the plane that is parallel 
to the horizontal ground surface. Meanwhile, to reduce the computational cost, most 
geotechnical problems can be treated as plane problems (plane strain or plane stress), the 
temperature profile in such cases would be the same in the in-plane direction. The y axis is 
assumed to be the in-plane direction, and the transformation rule takes the form 
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(5.23) 
where m = cosθ and n = sinθ. θ is the angle made by axis x and heat flow direction and is 
determined according to the following equation 
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(5.24) 
where T is the temperature, qx and qz are the heat flux in x and z direction, respectively (modified 
from Zhu 2006). The coordinate system and the transformation relationship is shown in 
Figure 5.3. This simplification would fit most of the cases in geotechnical engineering, plus it 
would tremendously reduce the error in the back calculation (of inverse trigonometric functions 
dealing with heat flux) in obtaining the heat flow direction.  
Heat flow 
direction
z
x(y)
1
3
2
 
Figure 5.3 Coordinate system (after Zhu 2006) 
 
The volumetric fractions of the three components in soil mixtures can also be calculated after 
updating the porosity at the end of each time step using the following relationships 
 ( ) 1s t dt t dtn   
 
(5.25a) 
 ( ) (1 )
s
w t dt t dt t dt
w
w n



     
(5.25b) 
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(5.25c) 
5.4.2 Implementation of the Thermal Model with Phase Change 
The thermal properties for the soil mixture, the volumetric heat capacity and the effective heat 
conductivity (as in Equations (5.11 and 5.13)) are implemented in ABAQUS using subroutine 
UMATHT.  
The latent heat in the apparent heat capacity in the conservation of energy equation 
(Equation (5.10)) needs to be addressed here in detail since the calculation differs for the pore ice 
and for the ice in the ice lenses. The apparent heat capacity can be rewritten as: 
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(5.26) 
where Ca is the apparent heat capacity, ip  and il  are volumetric fraction of pore ice and ice 
lenses, respectively. 
For the latent heat released during in-situ freezing and absorbed during thawing, UWCC 
can be used to track the volumetric fraction variation. Therefore, the second term in Equation 
(5.26) can be manipulated to yield 
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(5.27) 
where wp  is the volumetric fraction of water in pore, n is the initial porosity of  the soil and 
/w T   is the slope of the UWCC (Zhu 2006).  Consequently, Equation (5.26) can be rewritten 
as 
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(5.28) 
When the latent heat is associated with the formation and melting of ice lenses, different 
procedures are adopted, because the change in fraction constituents differs for freezing and 
thawing. In the freezing process, the ice lens formation occurs at a temperature that is below 
freezing, and its rate follows the porosity rate function described in Equation (5.3). The 
differentiation of ice lens fraction with respect to temperature (the third term in Equation (5.28)) 
can be calculated as 
 
( ) ( )i ip t t i ip til il
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 
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(5.29) 
where i  is the total volumetric ice content which can be calculated from Equation (5.25c), and 
ip is fraction of pore ice, which can be related to the pore ice ratio defined in Equation (4.1) by 
 (1 ) ii pp n e    (5.30) 
When it comes to the thawing of soil with ice lenses, the ice lenses will not start melting 
until the temperature reaches 0C. Therefore, the precise expression of the change of ice lenses 
upon thawing should involve the Heaviside function 
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 0,       0
ilf
il
T
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

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
 
(5.31) 
where ilf  is the maximum volumetric fraction of ice lenses that have been accumulated during 
freezing. However, a difficulty is encountered when trying to obtain the derivative of the 
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discontinued function. Therefore, an analytic approximation is adopted here to overcome this 
difficulty. The function is approximated as 
 
1
1
il ilf kTe
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
 
(5.32) 
where k is a constant. The derivative of the function with respect to temperature gives  
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(5.33) 
The plot of the approximated Heaviside function in Equation (5.32) is shown in Figure 5.4 and 
its derivative to temperature in Equations (5.33) is shown in Figure 5.5, with an arbitrary value 
of 0.6ilf  .  
 
Figure 5.4 Heaviside and approximation functions  
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Figure 5.5 Derivative of Heaviside approximation function 
 
 It is clear from these plots that the use of the approximation function results in some error 
compared to the Heaviside function, but the error can be minimized by adopting a higher value 
of constant k. In the following simulation, a value of k = 10 is used. 
5.5 Calibration  
To calibrate the parameters in porosity rate function, the entire THM system was used to 
simulate a set of soil freezing tests performed by Fukuda et al. (1997). The hydraulic 
conductivity during freezing was taken as 1.0∙10-7 m/s for unfrozen soil and 1.0∙10-12 m/s for 
frozen soil with temperature below -5°C; linear interpolation was used for temperatures between 
0°C and -5°C.  A thawing process was also simulated. This was a postulated process, because the 
Fukuda’s test results do not include thawing. The rate of temperature increase in thawing was the 
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same as the rate of decrease during freezing. To make sure that all parts of the frozen soil are 
completely thawed, the thawing simulation was carried out until the cold side boundary 
temperature increased to 1.05°C at t = 119 hours.  
The specimens subjected to freezing in Fukuda’s tests were cylindrical frost-susceptible 
clay of 100 mm in diameter and initial height of 70 mm. The initial temperature and the 
boundary conditions for the tests performed under constant load are listed in Table 5.1 and 
shown in Figure 5.6. The blue solid line at the bottom represents the temperature change on the 
cold side (bottom) boundary, whereas the remaining lines indicate the temperature change on the 
warm side (top) boundary of the specimen for different tests. The initial temperature on the cold 
side for each specimen was the same; however, the warm side was given different initial 
temperature to form diverse thermal gradients in specimens. The rate of the temperature change 
on both sides was kept the same to maintain a constant thermal gradient through the process. An 
overburden pressure of 25 kPa was applied on top of the specimens. Overburden pressures of 
150 kPa, 300 kPa, 400 kPa and 600 kPa were also applied for tests with the thermal gradient of 
0.045 (marked purple in Figure 5.6). The porosity rate function was calibrated using the frost 
heave test data with different overburden pressures and diverse thermal gradients.  
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Table 5.1. Boundary/initial conditions for freezing tests by Fukuda et al. (1997) 
Thermal gradient 
(dT/dl) 
Warm plate (top) 
(°C) 
Cold plate (bottom)  
(°C) 
Overburden pressure 
(kPa) 
0.095 7-0.042t* -0.042t 25 
0.070 5-0.042t -0.042t 25 
0.061 4-0.042t -0.042t 25 
0.045 3-0.042t -0.042t 
25 
150 
300 
400 
600 
0.035 2-0.042t -0.042t 25 
*t=time (in hours), total testing time 47hrs. 
 
Figure 5.6 Thermal boundary condition for model calibration (freezing process is taken from 
Fukuda et al., 1997, the thawing part is postulated) 
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The soil is saturated, with an initial porosity of 0.427, and specific gravity of 2.62. The 
density of the soil mixture was taken as 1,927 kg/m3. Typical values of thermal properties for 
soil particles, water and ice were taken from Williams and Smith (1989) and Selvadurai et al. 
(1999), and they are listed in Table 5.2. 
 
Table 5.2. Material properties of soil components 
(after Williams and Smith, 1989) 
 
Density 
Mass heat 
capacity 
Volumetric 
heat capacity 
Latent heat 
Thermal 
Conductivity 
ρ c C L λ 
(kg/m3) (J/(kg∙°C)) (J/(m3∙°C)) (J/kg) (W/m∙°C) 
Soil particles 
(clay mineral) 
2620 900 2.36∙106 -- 1.95 
Water 1000 4180 4.18∙106 333000 0.56 
Ice 917 2000 1.93∙106 333000 2.24 
 
These values are also used later in the numerical examples of boundary value problems. 
By fitting a curve to the test data, the frost heave parameters in the porosity rate function for the 
particular clay used by Fukuda et al. (1997) were found to be: Tm = -0.82 °C, mn  = 1.98∙10
-5 s-1, 
gT = 100 °C/m, and   = 0.73 MPa. The curves for frost heave with respect to time match the test 
data very well, as shown in Figure 5.7 and Figure 5.8. The curves for the postulated thawing 
process are also plotted in the same figures. 
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Figure 5.7 Calibration curve of PRF for different overburden pressure 
 
Figure 5.8 Calibration curve of PRF for different temperature gradient  
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An interesting phenomenon observed in the simulation is that even though the boundary 
temperature starts increasing after 47 hours, the soil turns out to heave more before settlement 
occurs. The temperature distribution at different times for samples with thermal gradient of 0.035 
is plotted in Figure 5.9. The freezing front propagation can be incurred from the figure.  
 
 
Figure 5.9 Temperature distribution for the sample with initial dT/dl = 0.035; solid lines 
represent temperature during freezing, dashed lines during thawing 
 
The solid lines indicate the temperature profile during freezing, whereas the dashed lines 
are during thawing. The freezing front propagates fast upwards after freezing starts and only a 
small portion in the upper part of the column remains unfrozen after 47 hours. From t = 47 h to 
t = 59 h, even though the boundary temperatures are increasing and the thawing front is moving 
downward (from 0.082m to 0.072m), the temperature between depth 0.039m and 0.067m still 
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decreases. This is due to the latent heat which delays the temperature change. Because most of 
the specimen is still frozen, and the total growth in volume is larger than the reduction in volume 
in the upper portion of the specimen subjected to thawing zone, the heaving continues to occur 
for a few more hours.  
A change in the temperature gradient occurs in the thermal process. During freezing, the 
temperature distribution lines curve at a temperature between T0 = 0°C and Tm = -0.82 °C (Tm is 
the parameter in PRF indicating the temperature at which the maximum porosity rate occurs). 
This is because of the change in heat conductivity and the release of latent heat (due to both in-
situ freezing and ice lens formation). In the thawing process, the temperature distribution lines 
curve in an opposite direction around T = T0. This is because the ice lenses do not start melting 
until temperature reaches T0; this is when large amounts of latent heat start being absorbed.  
The cryogenic suction that was needed to transfer the water into the frozen fringe to 
provide for the porosity growth (ice lens formation) can be back-calculated from the THM 
system using Equation (5.7). Then, during thawing, the excess pore water pressure generated due 
to thaw consolidation process can be obtained as well. The excess pore water pressure in a 
freeze-thaw cycle for dT/dl = 0.035 is illustrated in Figure 5.10. 
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Figure 5.10 Excess pore water pressure distribution for ramp freezing (dT/dl = 0.035) 
 
 
To illustrate the role that the term 
 i
we



 plays in the porosity rate function, the 
distribution of volumetric content of ice, water, and the value of the retardation function in the 
simulated test (with the thermal gradient of 0.035) are plotted in Figure 5.11 through Figure 5.13. 
As the ice fraction increases, the term 
 i
we



 decreases. This is the effect that allowed elimination 
of the shut-off porosity threshold from an earlier model.  
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(a) Freezing  
 
 
(b) Thawing  
Figure 5.11 Distribution of total ice fraction (dT/dl = 0.035): (a) Freezing, (b) Thawing 
after  
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(a) Freezing  
 
 
(b) Thawing  
Figure 5.12 Distribution of unfrozen water fraction (dT/dl = 0.035): (a) Freezing, (b) Thawing 
after  
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(a) Freezing  
 
 
(b) Thawing  
Figure 5.13 Distribution of the value for term exp(-θi/θw) (dT/dl = 0.035): (a) Freezing, 
(b) Thawing 
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 To investigate the influence of thawing rate on the displacement of the frozen soil, two 
other temperature boundary conditions were postulated for comparison (shown in Figure 5.14). 
The solid line represents the boundary temperature rate equal in magnitude but opposite in sign 
to the freezing rate in Fukuda’s test (the same as is shown in Figure 5.6), whereas the dashed line 
and the dotted line represent a double rate and half the rate, respectively.  To assure that the 
frozen soil completely thawed, the simulations were continued until the cold side temperature 
reached 1.05°C. 
 
 
    *N = 2, 3, 4, 5 and 7 are the initial warm side temperature in Fukuda’s tests. 
 
Figure 5.14 Thermal boundary condition for the thawing process 
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 Other boundary conditions and the parameters used are the same as in the previous 
simulation. The comparison of the displacement curves are shown in Figure 5.15 and Figure 5.16. 
Again, during the freeze-thaw process the temperature starts increasing after t = 47 h, but the 
frost heave does not stop at the same time. Rather, the heave increases further before the thaw 
settlement takes place. The figures indicate that as the thawing rate increases, further heave 
decreases. Meanwhile, since the freezing processes are the same for the three cases in which the 
cryogenic suction was not large enough to yield the frozen soil, the frost heave went back to zero 
and no further settlement occurred. 
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Figure 5.15 Frost heave under the same freezing but diverse thawing rates (different overburden 
pressure) 
 
 
Figure 5.16 Frost heave under the same freezing but diverse thawing rates (different thermal 
gradients) 
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5.6 Validation 
Validation of the model was carried out using step freeze-thaw measurements of Fukuda et al 
(1997). The thermal initial/boundary conditions in the step freeze-thaw process were as follows: 
uniform initial temperature of 5 °C; at t = 0 the temperature of the bottom plate is reduced 
to -5 °C and continues for 115 hours, whereas the top plate temperature remains at 5 °C; then the 
temperature of the bottom increased immediately to 5 °C for 10 hours (postulated thawing 
process in simulation). The simulated frost heave is compared to the test data measured in 
Fukuda’s experiment in Figure 5.17, and it falls very close to the experimental measurements. 
After the temperature on the cold side of the column increased to 5 C, the soil thawed very 
quickly, and the column was completely thawed after 5 hours (no heave measurements for the 
thawing process were available).  
The distribution of excess pore water pressure for the step freeze-thaw cycle is shown in 
Figure 5.18. The excess pore water pressures generated during the step freezing process were 
considerably larger than those during the processes with ramped temperatures. The maximum 
suction was about 1300 Pa, and it occurred at about t = 2 hours at the very bottom of the 
specimen. When the soil thawed, there were two thawing fronts in the specimen and the thawing 
process took place rapidly. Because of the rapid thawing and consolidation, an excess pore water 
pressure of as much as 5500 Pa was generated. The excess pore water pressure dissipated after 
t = 125 hours.  
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Figure 5.17 Step freezing: comparison of test data and simulated result  
 
 
Figure 5.18 Excess pore pressure distribution for step freezing  
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5.7 Example Simulation: Footing on Frost-Susceptible Soil 
A simulation of a footing placed over frost-susceptible soil subjected to a freeze-thaw cycle was 
performed to illustrate the capability of the model in simulating practical problems. 
A continuous footing of a warehouse structure was placed over a frost susceptible soil, as 
shown in Figure 5.19(a). The initial temperature distribution in the soil profile is shown in 
Figure 5.19 (b). The ambient temperature inside the warehouse is maintained at 10°C, whereas 
the outside air temperature drops linearly from 5°C to -20°C in 100 days, and at t = 100 days 
starts rising to reach 25°C at t = 200 days (Figure 5.19(c)). The temperature at the bottom of the 
model is kept steady at 3°C. The heat exchange at the ground surface is affected by the 
difference in the ambient (air) temperature and the ground temperature, and the Fourier boundary 
condition was used at the ground surface  
 ( )m c airT h T T      (5.34) 
where λm is the heat conductivity of the soil mixture, hc is the convective heat transfer 
coefficient, T is the soil temperature, and Tair is the ambient temperature. A similar boundary 
condition is used on the masonry wall. 
The parameters of the soil used in the simulation are: (1) for unfrozen water content, 
w* = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1; (2) for the elastic-plastic constitutive model, 
λ = 0.35, κ = 0.07, p0 = 80 kPa, M = 0.7, α1 = 0.4, α2 = 1.8, α3 = 0.6, pr = 10 kPa, β = 0.18, 
pt = - 1.0 MPa. 
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(c) 
Figure 5.19 (a) Geometry of continuous footing (in meters), (b) Initial temperature distribution, 
(c) Thermal boundary condition 
 
The thermal properties adopted for soil constituents in the simulation are the same as 
those in Table 5.2. The convective coefficient hc at the soil-air interface is taken as 28 W/(m2°C). 
The material properties of the masonry wall and concrete footing are listed in Table 5.3. The 
parameters in the porosity rate function were taken from the calibration and validation section, 
but the maximum porosity growth rate was reduced tenfold ( 61.9 0= 8 1mn
 ) to make the soil less 
frost-susceptible. Because of a lack of comprehensive experimental data for one soil, parameters 
taken in the simulation come from calibration for two different clays (Fukuda et al., 1997 and Qi 
et al., 2010).  
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Table 5.3. Material properties of wall and footing  
 
Density 
Mass heat 
capacity 
Thermal 
conductivity 
Young’s 
modulus 
Poisson’s 
ratio 
Convective 
coefficient  
ρ c λ E υ hc 
(kg/m3) (J/(kg∙°C)) (W/m∙°C) (Pa)  W/(m2°C) 
Brick 1890 840 1.2 6.0∙109 0.15 30 
Concrete 2240 970 1.6 2.0∙1010 0.20 90 
 
The hydraulic boundary condition at the ground surface allows drainage, but not intake of 
water, whereas the bottom boundary is set to be free to drain and intake water. The side 
boundaries are impermeable, and so is the concrete floor. 
The contours of temperature are shown in Figure 5.20 at times t = 60, 136, and 173 days. 
Displacements are exaggerated by a factor of 3 in all figures that follow.  
In the first 60 days the freezing front propagates to about 0.7 m below the open ground 
surface and starts penetrating into the soil beneath the floor. In the next 40 days the ambient 
temperature reached the minimum of -20°C, and started increasing thereafter, reaching -4°C at 
t = 136 days. At that moment, the freezing front was located at about 2 m below the open ground 
surface, and the lower part of the wall, as well as the footing, are at below-freezing temperatures. 
At 173 days, the air temperature is well above the freezing point and the soil near the ground 
surface is completely thawed. However, a portion of the soil between 1 to 2 m below the surface 
is still frozen. 
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(a) 
 
 
(b) 
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(c) 
Figure 5.20 Distribution of temperature (°C): (a) t = 60 days, (b) t = 136 days, (c) t = 173 days 
(deformation exaggerated by a factor of 3) 
 
 The cryogenic suction needed to cause the frost heave, which was predicted by the 
porosity rate function, was back-calculated for known hydraulic conductivity (given in the 
section on calibration). Subsequently, the excess pore water pressure generated during the thaw 
consolidation process was calculated. Figure 5.21 shows the changes in excess pore pressure 
(suction negative) in the freeze-thaw cycle. After t = 60 days, negative pore pressure is present, 
with a substantial gradient, causing water transport into the freezing zone. After 136 days, the 
excess pore pressure below the open ground surface is still negative. Positive pore water pressure 
occurs on the warm side of the wall, presumably due to tilting of the wall. After 173 days most 
of the soil has thawed out, and a positive excess pore pressure is generated, which indicates the 
consolidation process is taking place.  
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(c) 
Figure 5.21 Distribution of excess pore pressure (Pa): (a) t = 60 days, (b) t = 136 days, 
(c) t = 173 days (deformation exaggerated a by factor of 3) 
 
 Vertical displacements caused by frost heave and thaw settlement are shown in 
Figure 5.22. At t = 60 days, the frost heave is fairly uniform (about 4 cm), except for the 
immediate proximity of the warehouse wall. After 136 days the maximum ground surface heave 
is about 14 cm, though it is considerably smaller in the vicinity of the wall of the warehouse. As 
the freezing front propagated beneath the footing, the growth of ice lenses caused the wall to 
displace upward by about 2 cm and tilt. At t = 173 days, the soil settled, but has not reached its 
original level; the thaw consolidation process is not completed yet.  
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(c) 
Figure 5.22 Distribution of vertical displacement (in meters): (a) t = 60 days, (b) t = 136 days, 
(c) t = 173 days (deformation exaggerated by a factor of 3) 
 
Vertical displacements at two locations (points A and B in Figure 5.19(b)) are compared 
in Figure 5.23. Point A is selected far away from the wall on the ground surface to monitor the 
displacement on the ground not disturbed by the presence of the structure, whereas point B is 
0.3 m from the wall, to explore the influence of the presence of the structure.  Large differential 
displacement occurs on the ground surface, and the difference was as much as 6 cm. Since this 
difference persists till t = 200 days, even though the ground temperature is well above zero, the 
water from precipitation may flow toward the structure during long periods of the freeze-thaw 
cycle.   
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Figure 5.23 Vertical displacement at locations A and B (marked in Figure 5.19(b)) 
 
5.8 Remarks 
The thermal-hydro-mechanical model with a porosity rate function was used successfully in the 
simulation of frost heave and thaw settlement of frost-susceptible soils. Calibration and 
validation of the porosity rate model reveals its good capability of reproducing heave and heave 
rate in a THM framework. A simulation of a footing placed over frost-susceptible soil, subjected 
to a freeze-thaw cycle, revealed the model’s capability of solving complex boundary value 
problems related to engineering practice.  
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6 APPLICATION OF THE MODEL 
 
CHAPTER 6 
APPLICATION OF THE MODEL 
 
The THM model including the elastic-plastic constitutive relationship and the porosity rate 
function has been calibrated and validated using test data. The implementation of the model 
makes it possible to solve practical boundary value problems with complex geometries and 
boundary conditions. An example simulation of a warehouse footing was conducted to 
demonstrate the usefulness of the model. The simulation showed that the model is capable of 
predicting frost heave and thaw settlement, while at the same time capturing the changes in 
thermal and hydraulic fields in the process. More applications of the model in simulating realistic 
engineering problems are shown in this chapter. The chapter begins with a simulation of one-
dimensional 8-meter soil column subjected to freezing and thawing air temperature measured in 
Aniak, Alaska. A comparison simulation using an approximate piece-wise linear change in 
measured ambient temperature is also shown to indicate consequences of simplifying the thermal 
boundary conditions. This simplification of the thermal boundary condition was attempted to 
reduce the computational cost and overcome convergence issues. Simulations of practical 
problems are shown next, including freezing and thawing of soils around a steel culvert, freezing 
and thawing of backfill behind a concrete retaining wall, and frost heave caused by a chilled gas 
pipeline. The application of thermal insulation in each case is also simulated and its usefulness in 
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reducing the frost damage to infrastructure is discussed. Each section concludes with final 
remarks. 
6.1 1-D Simulation with Daily Air Temperature Changes 
The daily temperature varies significantly, and so does the average daily temperature over the 
course of a year. In winter, the air temperature could be as low as -40C, but it is commonly seen 
that the air temperature can suddenly rise to above 0C for a few days and then drop again. It is 
interesting to explore whether or not such sudden changes in air temperature significantly affect 
the temperature profile in the soil.  
 In this section, a one-dimensional soil column experiencing freeze-thaw cycle will be 
simulated using daily air temperature changes. The interfacial effect between soil and air will be 
investigated. Meanwhile, a simplified (linearized) air temperature change corresponding to the 
average daily air temperature change will be used in a comparison simulation. The purpose is to 
find a reasonably simplified temperature boundary condition which could significantly lower the 
computational cost, avoid the difficulty in reaching convergence and, at the same time, give 
acceptable results compared to the real daily variable temperature boundary condition. 
6.1.1 Air Temperature  
The data of daily averaged air temperature in Aniak, AK, from year 1961 to 1962 was obtained 
from the National Climate Data Center (NCDC). The plot of the temperature data is shown in 
Figure 6.1. The highest temperature of the year is around 20C in August whereas and the lowest 
temperature is around -40C in January. The daily averaged temperature changes with the change 
of the seasons, but the general trend each year is quite regular (periodic).  
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Figure 6.1 Daily air temperature variation in Aniak, AK (NCDC) 
 
 
An overall trend of the yearly air temperature change can be described as a rotated “S”. 
When freezing starts in mid-October, the air temperature drops down quickly from above zero to 
about -30C in 3 months. After that, the air temperature tends to increase and reaches thawing in 
May. The freezing temperature in this area lasts for about 2/3 of a year. The air temperature then 
continues to increase thereafter to reach the maximum in August and then drops down again. The 
mean daily air temperature amplitude (defined as the difference between the peak and the mean 
daily value) is large in winter, which could reach about 20C, and is relatively small in summer, 
about 5C.  
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A portion of the temperature function from October 1st, 1961 to October 1st, 1962, a full 
year of 365 days (shown in between the dashed lines in Figure 6.1) will be used in the following 
simulations.  
6.1.2 Ground Temperature Profile  
The ground temperature in Alaska was monitored by researchers from U.S. Army Cold Regions 
Research and Engineering during the year 1947 to 1958 at several locations. The ground 
temperature in Aniak, AK, was reported and the temperature profile below the ground surface is 
shown in Figure 6.2 from the end of freezing season in 1952 until the middle of the freezing 
season in 1953 (Aitken and Fulwider, 1962).  
Comparing the air temperature shown in Figure 6.1 and the temperature on the ground 
surface in Figure 6.2, one can tell that the range for the air temperature change (about -40C to 
20C) is larger than the range for the ground surface temperature change (about -15C to 15C). 
Although the two were measured in different years, they were not reported as measured in an 
extreme weather year.  Therefore, it is believed these measurements reflect the usual temperature 
range in this region. The difference between the two is due to interfacial effect between the soil 
and the air and the influence of the temperature in the ground.  
 Below the ground surface, the temperature distribution changes along with the change of 
air temperature. However, below certain depth, the variation in temperature is very small. The 
profile in Figure 6.2 indicates that the temperature becomes nearly constant of about 3C (37F) 
at the depth of about 7 m (22 ft). The temperature distribution indicates no permafrost exists in 
this area, and the thickness of the active layer (upper crust layer where active freezing-thawing 
cycles occur) is about 1.2 m. 
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Figure 6.2 Below-ground temperature in Aniak, AK (after Aitken and Fulwider, 1962) 
 
6.1.3 1-D Freeze-Thaw Cycle Simulation 
A one-dimensional soil column under a freeze-thaw cycle was simulated, using both the 
measured daily averaged temperatures (data points) and the average piece-wise linear 
temperatures (red line in Figure 6.1). These temperature functions are used as the thermal 
boundary conditions at the top of an 8-meter soil column in the 1-D simulation.  The bottom 
boundary of the column is set to a constant temperature of 3C (shown in Figure 6.3). The 8-
node trilinear displacement, pore pressure, and temperature elements (type C3D8PT in 
ABAQUS) are used in the column model. The total number of elements is 100 and the total 
number of nodes is 404.  
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The initial temperature distribution for the 1-D column is taken as steady state, with the 
temperature at the top to be 5C and bottom 3C. The side walls of the column are set to be 
adiabatic. 
 
 
Figure 6.3 Thermal boundary conditions 
 
To take into account this interfacial effect between soil and air, the Fourier boundary 
(also known as mixed boundary) condition is used. The function is expressed as 
 ( )m c airT h T T     (6.1) 
where λm and hc are the heat conductivity and convective heat transfer coefficient of soil mixture, 
T is soil temperature and Tair is the ambient air temperature.   
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As to the mechanical boundary conditions, the top boundary is free to move while the 
bottom boundary is fixed in both horizontal and vertical directions. Horizontal displacements are not 
allowed along vertical boundaries.  
The hydraulic boundary condition on the top boundary allows drainage, but not intake of 
water, whereas the bottom boundary is set to be able to drain and intake water, with a hydraulic 
conductivity of 1.0∙10-7 m/s. The side boundaries are impermeable. 
The parameters of the soil used in the simulation are: (1) for unfrozen water content, 
w* = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1; (2) for elastic-plastic constitutive model, λ = 
0.35, κ = 0.07, p0 = 80 kPa, M = 0.8, α1 = 0.2, α2 = 0.4, α3 = 0.6, pr = 10 kPa, β = 0.18, 
pt = - 1.0 MPa; (3) the parameters in the porosity rate function were taken from the calibration 
and validation section, the maximum porosity growth rate was reduced to 8% ( 61.5 0= 8 1mn
 ) to 
make the soil less frost-susceptible. The values of thermal properties for soil particles, water and 
ice in the simulation are the same as is shown in Table 5.2. The hydraulic conductivity for was 
taken as 1.0∙10-7 m/s for unfrozen soil and 1.0∙10-12 m/s for frozen soil with temperature 
below - 5°C; linear interpolation was used for temperatures between 0°C and -5°C. 
The simulated temperature of soil at the ground surface for both of the cases with 
ambient air temperature as the true measured temperature (“T” for short) and the piece-wise 
linear temperature (“L” for short) are shown in Figure 6.4. The surface temperature under the 
linearized boundary condition is close to the mean value of the true boundary condition. The 
ranges for the yearly surface temperature are about -30°C to 15°C for “T” and -15°C to 15°C for 
“L”, respectively. The “kinks” shown in the circles on the curve of the “L” case result from the 
release of latent heat. 
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Figure 6.4 Temperature of soil at the ground surface  
 
 The frost heave and thaw settlement (vertical displacement) on the ground surface (top of 
the column) were compared in Figure 6.5. In the freezing process, the maximum frost heave is 
about 20 cm for the “L” case and about 17.5 cm for the “T” case, respectively. The heave rate for 
the “T” case is close but slightly smaller than that of the “L” case in the first part of the heaving, 
then drops quickly at the end of the heaving. The settlement for the “T” case starts a little later 
than for the “L” case, and the rate of settling for the “T” case is slightly larger than the “L” case. 
Both of the two cases show further thaw-settlements beneath the pre-freezing level after the 
freeze-thaw cycle, and the values are nearly identical at 2 cm. The extra settlement is caused by 
the suction-induced consolidation during the freezing process. This phenomenon for normally 
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consolidated soil upon freezing and thawing was reported earlier by Chamberlain and Gow 
(1978). 
 
 
Figure 6.5 The frost heave and thaw settlement (displacement on the top surface)  
 
The simulated change in ground temperature with depth for both of the cases are shown 
in Figure 6.6 (the solid line represents the “T” case and the dashed line represents the “L” case). 
The simulated temperature distribution and the freezing front propagation for the two cases are 
very close to each other below 2 m but have some difference above. However, the differences are 
reasonably small and both of them are in good agreement with the reported record.  
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Figure 6.6 Change in ground temperature profile (dates are marked in Figure 6.1) 
 
As the freezing front is propagating, the pore water turns into pore ice, which serves as a 
natural “cementation” in the soil and induces an increase in the soil strength. The volumetric 
fraction of ice and porosity are increasing in the frozen fringe according to the porosity rate 
function representing the ice lens growth. The strength and deformation parameters in the 
simulations were monitored and compared to investigate the influence of replacing the true 
boundary temperature with the piece-wise linear one. 
The distribution of the pore ice ratio eip and the corresponding pseudo pre-consolidation 
stress are compared in Figure 6.7 and Figure 6.8.  
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“L”  “T” 
Figure 6.7 Distribution of pore ice ratio  
 
 The pore ice ratio increases as the temperature drops below freezing. The soil strength 
(the pseudo pre-consolidation stress) increases according to the proposed evolution law 
(Equation (4.19)). As initial condition, the soil near the ground surface (to 0.6 m in depth) is 
assumed to be over-consolidated due to drying, with the pre-consolidation stress to be 10.0 kPa, 
whereas the soil below is normally consolidated. During the freeze-thaw cycle, some portion of 
the soil consolidated due to increase in effective stress caused by suction (the effective stress 
exceeded the pseudo pre-consolidation stress). This explains further settlement after freeze-thaw 
cycle in Figure 6.5.  
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“L”  “T” 
Figure 6.8 Distribution of “pseudo-pre-consolidation pressure” 
 
The distribution of the excess pore pressure for the two cases are similar as compared in 
Figure 6.9. The suction (negative pore pressure) in the soil was generated from October through 
April or May indicating the ice lens formation was on going in this period, whereas from June to 
August or September, the positive pore pressure was generated because of the thaw 
consolidation. In the following October, the excess pore pressure in the soil profile went back to 
zero, indicating the consolidation process completed and the melted water had drained out. 
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“L”  “T” 
Figure 6.9 Distribution of excess pore pressure 
 
 The proposed model describes the growth of ice lenses as an increase in porosity and the 
porosity profiles are shown in Figure 6.10.   Take the profile of Feb. 1 for “L” in Figure 6.10 as 
an example, the porosity growth of ice lenses dominates in the frozen region (above 1.6 m in 
depth), although the increased effective stress due to suction compresses the soil at the same 
time. In the area below the freezing front (1.6 m depth), the porosity decreases as a result of the 
consolidation caused by suction. At the end of the freeze-thaw cycle, a residual decrease in 
porosity occurs. This is again due to the yielding of soil by the increased effective stress, which 
exceeds the (pseudo) pre-consolidation stress. The distribution of volumetric ice content is 
compared in Figure 6.11.  
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“L”  “T” 
Figure 6.10 Distribution of total void ratio 
 
  
“L”  “T” 
Figure 6.11 Distribution of volumetric ice content 
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6.1.4 Remarks 
The simulations of a 1-D soil column subjected to both measured and linearized temperature 
freeze-thaw cycle were conducted. By comparing the results, the 1-D frost heave and thaw 
settlement simulated using the linearized air temperature are very close to that from simulation 
with the true air temperature. Therefore, the linearized temperature change will be used as the 
thermal boundary condition in solving more practical boundary value problems. This will give 
reasonable results while significantly reducing the computational cost and avoiding convergence 
issues.   
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6.2 Frost Heave and Thaw Settlement around a Culvert 
Culverts are conduits used in transportation infrastructure to convey water from one side of the 
road to the other. Figure 6.12 shows a set of culverts in the state of Alaska on the Richardson 
Highway to Valdez. In spring and summer, culverts are important infrastructure elements helping 
to channel water and they can alleviate the impact of sudden water flush. Culverts also play a key 
role in preventing soil erosion. In winter, however, they may become a source of maintenance 
problems and even damage to roads. Therefore, when designing and constructing culverts in cold 
regions, special attention should be paid to issues caused by extreme temperature. 
 
 
Figure 6.12 Culverts in cold region (photograph by the author) 
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Because the inside of a culvert is exposed to open air flow, the temperature inside a 
culvert is expected to be very close to the outside air temperature. This will produce a significant 
impact on the temperature profile in the soil around a culvert. In summer, the soil properties do 
not change a lot with respect to the temperature and the influence of varied temperature is 
negligible. However, big issue may occur in winter, as the soil properties vary dramatically with 
temperature below freezing. For instance, differential frost heave and thaw settlement could 
result on the ground surface (road surface); the culvert itself could be damaged due to uneven 
displacement. Simulations were performed using the THM model developed to reveal possible 
response of ground surface above a culvert to freezing and thawing. 
6.2.1 Problem Description 
Simulations of freezing of an unpaved road above a culvert in frost susceptible soil were 
performed using ABAQUS. The geometry of the model for the culvert and the surrounding soil 
as well as the boundary conditions for the finite element analysis are shown in Figure 6.13. The 
top of the culvert in this model is located 1.0 m below the ground surface. The external diameter 
of the culvert is 1.0 m and its wall thickness is 10.0 mm. The material of the culvert is steel. 
Between the culvert and the soil, perfect bonding (ad-frozen interface) is assumed. The 
simulations will be performed for the air temperature that is consistent with Alaskan climate at 
Aniak, AK. Vertical displacement at two locations marked A and B (Figure 6.13) will be 
monitored to investigate the impact of the culvert to the heave on the ground surface.  
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Figure 6.13 Geometry of the culvert and surrounding soil 
 
As to the boundary conditions, the vertical sides are not allowed to move sideways, the 
bottom is fixed in both the horizontal and vertical directions, while the top surface and the 
culvert inside surface are free to move. The heat is not allowed to flow across the two vertical 
boundaries. Temperature consistent with the Alaskan climate at Aniak, AK will be used in the 
simulations: the simplified air temperature shown in Figure 6.14 will be used. The temperature at 
the bottom is set to a constant of 3C. The Fourier boundary condition (Equation (6.1)) is used at 
both the top boundary and the culvert surface to simulate the interface between air and solid 
medium. The vertical boundaries and the culvert are impermeable. The bottom boundary is able 
to drain and intake water, with a hydraulic conductivity of 1.0∙10-7 m/s, whereas the ground 
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surface allows only drainage, but not intake of water. The simulation results at the moments 
marked in Figure 6.14 will be shown in the next sub-section. 
 
Figure 6.14 Thermal boundary conditions 
 
The finite element mesh is shown in Figure 6.15. The model is discretized using 8-node 
solid elements, with only one element layer in the third direction (in plane y-direction). The 
boundary condition for the in-plane surfaces are adiabatic and not allowed to move along in-
plane direction, therefore the model simulates a plane strain problem. The 8-node trilinear 
displacement and temperature elements (element type C3D8T in ABAQUS) are used for the 
culverts, whereas 8-node trilinear displacement, pore pressure, and temperature elements (type 
C3D8PT in ABAQUS) are used for the surrounding soil. The total number of elements is 2131 
and the total number of nodes is 4470.  
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Figure 6.15 Finite element mesh 
 
The initial temperature distribution shown in Figure 6.16 is obtained from running heat 
transfer simulation for three years under the thermal boundary condition shown in Figure 6.14. 
The soil temperature is above the freezing point everywhere (not the permafrost region). 
The initial stress state of the soil affects both the elastic-plastic constitutive relationship 
and the porosity rate function. Therefore, before starting the simulation of the thermal problem, 
the steady-state geo-static stress distribution under self-weight was calculated. The stress state at 
each nodal point was calculated by ABAQUS and stored in a file. The file was then read into 
ABAQUS again to prescribe the initial stress field for the simulation. Figure 6.17 shows the 
initial geo-static vertical stress in the soil profile. 
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Figure 6.16  Initial temperature distribution (°C) at t = 0 
 
 
Figure 6.17  Distribution of geo-static vertical stress (Pa) at t = 0 
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The parameters of the soil used in the simulation are: (1) for unfrozen water content, 
w* = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1; (2) for elastic-plastic constitutive model, 
λ = 0.35, κ = 0.07, p0 = 80 kPa, M = 0.8, α1 = 0.2, α2 = 0.4, α3 = 0.6, pr = 10 kPa, β = 0.18, 
pt = -1.0 MPa; (3) for porosity rate function, mn = 5.94∙10
-7 s-1 (less frost susceptible soil, 3% of 
calibration value from Fukuda’s tests), Tm = -0.82°C, gT = 100 °C/m, and   = 0.73 MPa; the 
hydraulic conductivity for freezing soils was taken as 1.0∙10-7 m/s for unfrozen soil and 1.0∙10-12 
m/s for frozen soil with temperature below -5°C; linear interpolation was used for temperatures 
between 0°C and -5°C; the initial void ratio is 0.747. 
In addition to simulating the boundary value problem defined in Figure 6.13, an influence 
of using culvert insulation on the frost heave resulting from the same thermal boundary 
conditions was studied. A 10 mm thick layer of insulation was simulated around the outside 
perimeter of the culvert. The material properties of the culvert (steel) and the insulation layer are 
shown in Table 6.1. 
 
Table 6.1. Material properties of culvert and insulation  
 
Density 
ρ 
Mass  
heat capacity 
c  
Thermal 
Conductivity 
λ 
Convective 
coefficient  
hc  
Young’s 
 modulus 
E 
Poisson’s  
ratio 
 kg/m3 J/(kg∙°C) W/(m∙°C) W/(m2°C) Pa  
Steel 7800 480 1.60 700 2.0∙1011 0.30 
Insulation 50 2000 0.02 - 1.0∙107 0.30 
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6.2.2 Freezing and Thawing of Ground with a Culvert  
The contours of temperature distribution for the soil around the culvert with and without 
insulation are compared in Figure 6.18 through Figure 6.21 at times t = 45, 150, 220 and 
365 days. Deformations are exaggerated by a factor of 3 in all figures that follow.  
In the first 45 days, the freezing front propagates to about 0.7 m below the ground surface 
in the area far from the culvert for both cases. In the area around the culvert, however, the 
insulation helps delay the freezing temperature from moving in. The freezing front around the 
culvert with insulation penetrates about half the distance of the one without insulation. At about 
t = 45 days, the freezing front moving from the ground surface down meets the front moving 
from the non-insulated culvert up.   
At t = 150 days, the ambient temperature is increasing but still below the freezing point. 
The freezing front below the culvert propagates a distance of 1.8 m and 1.1 m for the 
non-insulated and insulated cases, respectively. In the ground far from the culvert, the freezing 
front is about 2.0 m below the ground surface. 
At t = 200 days, the ambient temperature is about 7°C and the ground is thawing. The 
freezing front below the culvert is about 2.0 m for non-insulated case and 1.5 m for insulated 
case, respectively. In the ground far from the culvert, the freezing front is about 2.5 m below the 
ground surface. 
After t = 365 days, the ground has completely thawed. The temperature profiles for both 
of the cases are close to the initial temperature distribution shown in Figure 6.16, which is an 
expected outcome.  
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(a) Without insulation 
 
(b) With insulation 
 
Figure 6.18 Temperature distribution (°C) at t = 45 days  
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(a) Without insulation 
 
(b) With insulation 
 
Figure 6.19 Temperature distribution (°C) at t = 150 days  
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(a) Without insulation 
 
(b) With insulation 
 
Figure 6.20 Temperature distribution (°C) at t = 220 days  
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(a) Without insulation 
 
(b) With insulation 
 
Figure 6.21 Temperature distribution (°C) at t = 365 days  
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The vertical displacement of the ground surface at location A (above the culvert) and B 
(away from the culvert) in Figure 6.13 are shown in Figure 6.22. The rates of frost heave and 
thaw settlement at location B are almost constant for both of the insulated and non-insulated 
cases, with the insulated one slightly lower than the other. The heave at location A is higher than 
at B from the beginning till about 45 days, and then it becomes opposite.  This figure reveals that 
depending on the stage of the freeze-thaw cycle, the ground surface may have a “bump” or a 
“dip”. 
When the air temperature starts to drop below zero in winter, the freezing front 
propagates into the soil downward from the road surface and upward from the culvert. If the soil 
happens to be frost-susceptible, the heave process (growth of ice lenses) will occur in the soil 
beneath the road and in the soil immediately above the culvert. The resulting outcome is a more 
intensive heave, thus a bump on the road surface develops. If the freezing temperature continues, 
the bump will grow until all the soil area above the culvert becomes frozen (at about t = 45 days 
for this case). After that time, the heave of the area above the culvert ceases, but the heave in 
regions further away from the culvert continues, which may result in a “dip” in the road surface 
above the culvert. Then in the thawing process, there are two thawing fronts in the soil above the 
culvert, leading to a higher settling rate at location A. Then the settlement rate at A slows down, 
but the “dip” at the surface remains.  
The usefulness of the insulation can be evaluated from Figure 6.22. At the beginning of 
the freezing process, it is effective to reduce the “bump” by slowing down the penetration of the 
freezing front from the culvert. However, it provides no help to reduce the “dip” on the ground 
surface. The residual differential displacement at the two locations is reduced, though it is 
primarily dependent on the soil properties and the suction generated in the freezing process. 
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Figure 6.22 Vertical displacement at locations A and B in Figure 6.13 
 
 Therefore, the key factor that determines the profile of the surface above the culvert is the 
boundary condition. If the freezing temperature continues only for a short period, a “bump” will 
form on the ground surface, whereas if the freezing temperature persists for a long time, a 
“depression” is likely to occur. While the former is confirmed by observations (Andersland and 
Ladanyi 2004) the latter is a hypothetical long-term outcome. The contours of the vertical 
displacements caused by frost action and thaw settlement are shown in Figure 6.23 at times t = 
45, 150, 220 and 365 days. The settlement slightly beneath the original ground level is caused by 
the suction during the freezing phase of the process. 
Location B 
Location A 
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(a) t = 45 days 
 
 
 
(b) t = 150 days 
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(c) t = 220 days 
 
 
(d) t = 365 days 
 
 Figure 6.23 Vertical displacement (in meters): (a) t = 45 days, (b) t = 150 days, 
(c) t = 220 days, (d) t = 365 days 
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 Figure 6.24 shows the change in excess pore pressure (suction negative) in the freeze-
thaw cycle. After t = 45 days, negative pore pressure is induced, indicating water transport into 
the freezing zone and frost heaving. After 150 days, the negative pore pressure reaches a 
maximum to the upper right of the culvert. After 220 days, positive pore water pressure occurs 
indicating the thaw consolidation is taking place. The maximum value is around the culvert due 
to an intensive thawing and the impermeable pipe. After 365 days, the excess pore pressure is 
nearly zero, indicating that the consolidation in most of the area is completed.  
 The contours of porosity distribution are shown in Figure 6.25. These contours show the 
change in porosity caused both by the ice volume growth and the growth of effective stress (due 
to suction). The soil in the model was assumed to be uniform, with an initial porosity of 0.427. In 
the figures showing t = 45, 150 and 220 days, the porosity is increasing in the freezing area 
repressing the formation of ice lenses. At t = 220 days, the porosity reaches maximum value at 
the location close to and behind the freezing front. This is because the maximum rate mn  occurs 
at the isothermal line with temperature of -0.82°C, and the line stays long before thawing starts. 
After 365 days, some residual decrease in porosity remains, which is caused by the consolidation 
due to suction in freezing process. 
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(a) t = 45 days 
 
 
(b) t = 150 days 
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(c) t = 220 days 
 
(d) t = 365 days 
 
Figure 6.24 Excess pore pressure distribution (Pa): (a) t = 45 days, (b) t = 150 days, 
(c) t = 220 days, (d) t = 365 days 
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(a) t = 45 days 
 
 
(b) t = 150 days 
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(c) t = 220 days 
 
 
(d) t = 365 days 
 
 Figure 6.25 Porosity distribution (a) t = 45 days, (b) t = 150 days, (c) t = 220 days, 
(d) t = 365 days 
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6.2.3 Remarks 
The freezing and thawing of soils around a culvert has been successfully simulated using the 
developed model. A differential displacement caused by frost heave and thaw settlement of the 
ground surface was observed. A “bump” or a “dip” may occur at the surface above the culvert 
depending on the duration of freezing. If the freezing temperature exists for only a short period, a 
“bump” will form on the ground surface, whereas if the freezing temperature persists for a long 
time, a “depression” is likely to occur.  
The usefulness of insulation around a culvert in mitigating the differential displacement 
on the road surface was also evaluated. The simulation results show that insulation is effective at 
reducing the “bump” by slowing down the penetration of the freezing front from the culvert for 
shot freezing duration. However, the insulation provides no help in reducing the “dip” on the 
road surface.  
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6.3 Frost Heave and Thaw Settlement behind a Retaining Wall 
Retaining walls built in cold regions are vulnerable to frost damage. This is because ice lenses 
will form behind the wall, and the wall will have a tendency to tilt due to frost heave.  
Limited field testing was carried out in the past on retaining walls subjected to freezing 
and thawing in order to find the frost pressures against the walls as well as the resulting 
horizontal movements. However, less effort has been made to perform model based simulations 
to predict the potential frost damage to retaining structures. The THM model developed in this 
study will be used as a tool to simulate a retaining wall under frost action of soils behind and 
below the wall. The effectiveness of insulation behind the wall in reducing the horizontal 
movement is also investigated. 
6.3.1 Problem Description 
The geometry of the retaining wall and the surrounding soil profile are shown in Figure 6.26. 
The total height of the wall is 6.5 m, and the footing is 0.7 m. The ground surface in front of the 
wall is 1.5 m above the bottom of the footing. The thickness of the wall increases from 0.3 m at 
the top to 0.7 m at the bottom. The width of the footing is 4.0 m and the minimum thickness of 
the footing is 0.5 m. The retaining wall and the footing are made of concrete. A 0.1 m thick 
thermal insulation layer is used behind the wall. The total width of the model is 15.0 m and the total 
height is 12.0 m.  
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Figure 6.26 Geometry of retaining wall (in meters) 
 
As for the boundary conditions, the vertical sides are not allowed to move sideways, the 
bottom is fixed in both horizontal and vertical directions. Heat is not allowed to flow across the 
two vertical boundaries. The other boundary temperatures used in the simulation are: the 
temperature at the bottom is set to be constant at 3C; the ambient temperature at the top and on 
the wall surface is the simplified linear temperature according to the data measured in Aniak, AK 
(shown in Figure 6.14). The Fourier boundary condition in Equation (6.1) is used for both the 
ground surface and retaining wall surface that is exposed to the air. The hydraulic boundary 
condition for the vertical boundaries is impermeable. The bottom boundary is set to be able to 
drain and intake water, with a hydraulic conductivity to be 1.0∙10-7 m/s, whereas the ground 
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surface allows only drainage, but not intake of water. The simulation results at the moments 
marked in Figure 6.27 will be shown next. 
 
Figure 6.27 Thermal boundary conditions 
 
The finite element mesh is shown in Figure 6.28. The model is discretized using 8-node 
solid elements, with one element layer in the direction perpendicular to the plane of deformation. 
The 8-node trilinear displacement and temperature elements (type C3D8T in ABAQUS) are used 
for the culverts and the insulation layer, whereas 8-node trilinear displacement, pore pressure, 
and temperature elements (type C3D8PT in ABAQUS) are used for the surrounding soil. The 
total number of elements is 999 and the total number of nodes is 2170.  
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Figure 6.28 Finite element mesh 
 
The initial temperature distribution is shown in Figure 6.29, which is a steady-state 
distribution associated with the constant temperatures at boundaries: top 5°C, bottom 3°C.  
The initial stress state of the soil affects both elastic-plastic constitutive relationship and 
the porosity rate function. Therefore, before starting the simulation of the thermal problem, the 
steady-state geo-static stress distribution under self-weight was calculated. The stress state at 
each nodal point was calculated by ABAQUS and stored. The file was then read into ABAQUS 
again to prescribe the initial stress field for the simulations. Figure 6.30 shows the initial geo-
static vertical stress in the soil. The initial deviatoric stress in the retaining wall is shown in 
Figure 6.31. 
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Figure 6.29 Steady-state temperature distribution (°C) at t = 0 
 
 
Figure 6.30 Distribution of geo-static vertical stress (Pa) in soil at t = 0 
3C 
4C 
5C 
5C 
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Figure 6.31 Deviatoric stress distribution (Pa) in retaining wall at t = 0 
 
The parameters of the soil used in the simulation are listed in the following: (1) unfrozen 
water content: w* = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1; (2) elastic-plastic constitutive 
model: λ = 0.35, κ = 0.07, p0 = 80 kPa, M = 0.8, α1 = 0.2, α2 = 0.4, α3 = 0.6, pr = 10 kPa, 
β = 0.18, pt = -1.0 MPa; (3) porosity rate function: mn = 5.94∙10
-7 s-1 (less frost susceptible soil, 
3% of calibrated value from Fukuda’s tests), Tm = -0.82°C, gT = 100 °C/m, and   = 0.73 MPa. 
The hydraulic conductivity for soils was taken as 1.0∙10-7 m/s for unfrozen soil and 1.0∙10-12 m/s 
for frozen soil with temperature below -5°C; linear interpolation was used for temperatures 
between 0°C and -5°C; the initial void ratio is 0.747. A 0.1 m thick layer of insulation was 
simulated behind the retaining wall. The material properties of concrete retaining wall and the 
insulation layer are shown in Table 6.2. 
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Table 6.2. Material properties of retaining wall and insulation 
 
Density 
ρ 
Mass  
heat capacity 
c  
Thermal 
Conductivity 
λ 
Convective 
coefficient  
hc  
Young’s 
 modulus 
E 
Poisson’s  
ratio 
 kg/m3 J/(kg∙°C) W/m∙°C W/(m2°C) Pa  
Concrete 2240 970 1.60 90 2.0∙1010 0.25 
Insulation 50 2000 0.03 - 1.0∙107 0.30 
 
6.3.2 Freezing and Thawing of Soil Retaining System 
The contours of temperature distribution for the soil in front and behind the retaining wall with 
and without insulation are compared in Figure 6.32 through Figure 6.35 at times t = 80, 195, 280 
and 365 days. Deformations are exaggerated by a factor of 3 in all the figures that follow.  
In the first 80 days, the air temperature drops to its lowest value and the freezing front 
propagates to about 1.0 m below the surface in the open ground. The freezing front also 
penetrates into the soil from the wall side, with the isotherms parallel to the wall surface. For the 
case without insulation layer, this freezing front propagates to about 0.7 m into the backfill, 
whereas for the insulated wall, the freezing front moves just past the insulation layer. 
At t = 195 days, the ambient temperature is increasing and reaches about the freezing 
point of water. The freezing front propagates further to about 2.0 m below the surface in the open 
ground. Behind the wall, the freezing front moves into the soil about half of the distance for the 
insulated system compared to the non-insulated wall. From the displacements shown in 
Figure 6.33, it is clear that the retaining wall with insulation tilted less than the one without 
insulation. The heave in the open ground is about the same for the two cases. 
 159 
 
At t = 280 days, the ambient temperature reaches its highest value. However, for both of 
the cases with and without insulation, there is a small portion of still frozen soil behind the wall. 
The tilted non-insulated wall recovers to some extent compared to its position before thawing. 
The insulation layer under such circumstances plays a role in delaying the increase in 
temperature in the backfill.  After t = 365 days, the ground has completely thawed.  
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(a) Without insulation 
 
 
(b) With insulation 
 
Figure 6.32 Temperature distribution (°C) at t = 80 days  
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(a) Without insulation 
 
 
(b) With insulation 
 
Figure 6.33 Temperature distribution (°C) at t = 195 days  
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(a) Without insulation 
 
 
(b) With insulation 
 
Figure 6.34 Temperature distribution (°C) at t = 280 days  
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(a) Without insulation 
 
 
(b) With insulation 
 
Figure 6.35 Temperature distribution (°C) at t = 365 days  
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 The contours of excess pore pressure distribution (suction negative) in the freezing and 
thawing process for the non-insulated system are shown in Figure 6.36. After t = 80 days, 
negative pore pressure is generated and the maximum value occurs near the top and behind the 
wall. After 195 days, the negative pore pressure drops to lower magnitude behind the wall, 
indicating a lower rate of ice lenses growth.  The soil in front of the wall starts thawing and 
positive pore pressure is generated. At t = 280 days, only a small portion of the soil behind the 
wall is still frozen. A high positive pore water pressure indicates rapid thawing and consolidation. 
After 365 days, the excess pore pressure is zero (Fig. 6.36d), indicating that the consolidation is 
completed. 
The vertical displacements for the non-insulated system are shown in Figure 6.37. At 
t = 80 and t = 195 days, the heave is clearly visible and the wall is tilting. The soil beneath the 
toe of the wall is compressed by the wall. After t = 365 days, the soil is completely thawed.  
The horizontal displacements for the non-insulated system are shown in Figure 6.38. At 
t = 195 days the horizontal heaving of the soil pushes the wall leftward and compresses the soil 
to the right. Residual leftward displacement of the wall occurs after the freeze-thaw cycle. 
 The contours of porosity distribution are shown in Figure 6.39. The figure for t = 45 days 
shows that the porosity growth occurs beneath the toe of the wall. At t = 365 days, the porosity 
behind wall is not significantly reduced.  
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(a) t = 80 days 
 
(b) t = 195 days 
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(c) t = 280 days 
 
(d) t = 365 days 
 Figure 6.36 Excess pore pressure distribution (Pa): (a) t = 80 days, (b) t = 195 days, 
(c) t = 280 days, (d) t = 365 days 
 167 
 
 
(a) t = 80 days 
 
 
(b) t = 195 days 
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(c) t = 280 days 
 
(d) t = 365 days 
 Figure 6.37 Vertical displacement (in meters): (a) t = 80 days, (b) t = 195 days, 
(c) t = 280 days, (d) t = 365 days 
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(a) t = 80 days 
 
 
(b) t = 195 days 
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(c) t = 280 days 
 
(d) t = 365 days 
 Figure 6.38 Horizontal displacement (in meters): (a) t = 80 days, (b) t = 195 days, 
(c) t = 280 days, (d) t = 365 days 
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(a) t = 80 days 
 
 
(b) t = 195 days 
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(c) t = 280 days 
 
(d) t = 365 days 
 Figure 6.39 Porosity distribution (a) t = 80 days, (b) t = 195 days, (c) t = 280 days, 
(d) t = 365 days 
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The horizontal displacements at the top of the wall for the insulated and non-insulated 
retaining wall are compared in Figure 6.40. The insulation is proved to be very effective in 
reducing the movement of the wall caused by frost action. With the insulation, the peak and the 
residual horizontal movement of the wall does not vary a lot. Both are about 2 cm. For the non-
insulated wall, the maximum outward movement is about 6 cm and the residual is about 4 cm. 
An interesting phenomenon is the kink of the curve marked as A-B-C-D in the figure. In process 
A-B, the top of the wall is moving back right because of the thawing of soil behind the wall. 
However, in the process of B-C, the frozen area beneath the left toe of the wall (see 
Figure 6.39(b)) starts thawing, leading to the top of the wall moving left again. Then, as the soil 
behind the wall continue thawing, the frost pressure on the wall keeps decreasing and the wall 
moves back to the right, to its final position. 
 
 
Figure 6.40 Horizontal displacement on top of the wall (negative is to the left)  
 
A 
B 
C 
D 
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6.3.3 Remarks 
The freezing and thawing of soils in a retaining structure system has been successfully simulated 
using the developed model. The vertical displacements of the ground surface, as well as the 
horizontal displacement of the wall, caused by the frost heave and thaw settlement were tracked. 
The usefulness of insulation behind the retaining wall in mitigating the displacements caused by 
the freeze-thaw cycle was demonstrated. The simulation result shows that the insulation is 
effective at reducing the wall movement; therefore, the use of thermal insulation reduces the 
potential for frost damage. 
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6.4 Frost Heave and Thaw Settlement around Chilled Gas Pipeline  
Large natural gas reserves were discovered in Prudhoe Bay in Alaska in 1967. Gas pipelines are 
used to transport natural gas from the reserves to the consumers. The Federal Power Commission 
proposed to construct a natural gas pipeline starting from Prudhoe Bay. Because part of the 
pipeline will run through permafrost, the gas in the pipe will be chilled to prevent thaw of the 
permafrost. Since 1980’s, test sites were built at seven locations close to the Trans-Alaska oil 
pipeline over a 600 mile range with pipes buried in the ground to study the effects on the ground 
and the pipeline itself. Other field and laboratory testing were also performed in 1990’s and 
2000’s before the construction of the pipeline.  
 In 2009, TransCanada and ExxonMobil began working together to develop the Alaska 
Pipeline Project. The project is designed to connect Alaska's North Slope natural gas resources to 
the U.S. Midwest. Permafrost areas are not expected to cause big issues to chilled pipelines. Of 
most concern are the seasonal freezing areas, where both the air temperature change and the 
chilled gas would result in frost heave and thaw settlement of the surrounding ground. Particular 
issues to the pipeline are the damages that might be caused by the potential differential heave 
when the pipeline goes through transition zones containing soils with diverse frost-
susceptibilities.  
 In this section, a 3-D simulation of a chilled gas pipeline buried in a transition zone with 
frost-susceptible and non-frost-susceptible soils in seasonal freezing area will be performed 
using the model developed.  
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6.4.1 Problem Description 
The geometry of the chilled gas pipeline system is shown in Figure 6.41. The pipeline is 0.8 m in 
diameter, 10.0 mm thick and is buried 1.0 m below the ground surface. A 50.0 mm insulation 
layer is placed around the pipeline. The length of the model is 20.0 m. The pipeline is simulated 
to transvers in a transition zone from non-frost-susceptible soil to frost-susceptible soil. 
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Figure 6.41 Geometry of chilled gas pipeline  
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Displacement boundary conditions: vertical boundaries are not allowed to move 
inward/outward, and the bottom is fixed in all the three directions.  Heat is not allowed to flow 
across the vertical boundaries (adiabatic). Figure 6.42 shows the boundary temperatures. The 
temperature at the bottom boundary is set to be constant at 3C. The simplified linear 
temperature according to the air temperature data in Aniak, AK is used as the ambient air 
temperature (shown in Figure 6.14) on the ground surface. The chilled gas temperature inside the 
pipeline is set to be constant at -12°C. The Fourier boundary condition in Equation (6.1) is used 
for both the ground surface and the pipe surface. The hydraulic boundary conditions for the 
vertical boundaries are impermeable. The bottom boundary is set to be able to drain and intake of 
water, with a hydraulic conductivity to be 1.0∙10-7 m/s, whereas the ground surface allows only 
drainage, but not intake of water.  
  
Figure 6.42 Thermal boundary conditions 
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The finite element mesh and initial temperature distribution are shown in Figure 6.43. 
The temperature distribution is a steady-state distribution associated with the constant 
temperatures at boundaries: top 5°C, bottom 3°C. Figure 6.44 shows the initial geo-static vertical 
stress in the soil profile. 
The model is discretized using 8-node solid elements. The 8-node trilinear displacement 
and temperature elements (element type C3D8T in ABAQUS) are used for the pipeline and the 
insulation layer, whereas 8-node trilinear displacement, pore pressure, and temperature elements 
(type C3D8PT in ABAQUS) are used for the surrounding soil. The total number of elements is 
13200 and the total number of nodes is 14679.  
 
Figure 6.43 Finite element mesh and initial temperature distribution  
3C 
4C 
5C 
 179 
 
 
Figure 6.44 Distribution of geo-static vertical stress (Pa) in soil at t = 0 
 
The parameters of the soil used in the simulation are listed below: (1) unfrozen water 
content: w* = 0.058, w0 = 0.285, T0 = 0°C, and a = 0.16 C-1 (2) elastic-plastic constitutive 
model:  λ = 0.35, κ = 0.07, p0 = 80 kPa, M = 0.8, α1 = 0.2, α2 = 0.4, α3 = 0.6, pr = 10 kPa, 
β = 0.18, pt = -1.0 MPa, (3) porosity rate function: mn = 5.94∙10
-7 s-1 (less frost susceptible soil, 
3% of calibration value from Fukuda’s tests), Tm = -0.82°C, gT = 100 °C/m, and   = 0.73 MPa; 
the hydraulic conductivity for soils was taken as 1.0∙10-7 m/s for unfrozen soil and 1.0∙10-12 m/s 
for frozen soil with temperature below -5°C; linear interpolation was used for temperatures 
between 0°C and -5°C; the initial void ratio is 0.747. A 50 mm thick insulation layer was 
 180 
 
simulated around the pipe. The material properties of the pipeline and insulation layer are shown 
in Table 6.3. 
Table 6.3. Material properties of pipeline and insulation 
 
Density 
ρ 
Mass  
heat capacity 
c  
Thermal 
Conductivity 
λ 
Convective 
coefficient  
hc  
Young’s 
 modulus 
E 
Poisson’s  
ratio 
 kg/m3 J/(kg∙°C) W/(m∙°C) W/(m2°C) Pa  
Steel 7800 480 1.60 700 2.0∙1011 0.30 
Insulation 50 2000 0.02 - 1.0∙107 0.30 
 
6.4.2 Frost Action around a Chilled Gas Pipeline in Seasonal Freezing Area 
The contours of temperature from the simulation are shown in Figure 6.45 at times t = 29, 200, 
280 and 365 days. Deformations are exaggerated by a factor of 5 in all the figures that follow.  
In the first 29 days, the air temperature drops to about -5°C and the freezing fronts 
propagating from the ground surface and from the pipe meet each other right above the pipe. In 
the soil far away from the pipeline, the freezing front propagates a distance about 0.3 m.  
At t = 200 days, the ambient temperature is slightly about 0°C. The temperature at the 
ground surface away from the pipeline just reaches 0°C, whereas at the ground surface right 
above the pipeline, the temperature is still below freezing. The freezing front under the pipeline 
propagates to 2.0 m below.  
At t = 280 days, the ambient temperature reaches its highest value 18°C. The ground 
away from the pipeline is thawed off. After t = 365 days, most of ground has completely thawed, 
leaving a small bulb shaped frozen area around the pipe.  
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Figure 6.45 Temperature distribution (°C): (a) t = 29 days, (b) t = 200 days, (c) t = 280 days, 
(d) t = 365 days 
 
(c) 
(d) 
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The vertical displacements are shown in Figure 6.46. Before t = 29 days, the freezing 
front propagated from both the ground surface and from the pipe, and the heave of the ground 
surface above frost-susceptible soil above the pipe is faster than elsewhere. Thereafter, the 
freezing fronts join one another and the heave on the ground above the pipe slows down. At 
t = 200 days, the heave on the ground surface with frost-susceptible soil away from the pipe is 
larger than above the pipe. In the frost-susceptible soil, the pipe has been pushed up by the frost 
heave of soil below whereas in the non-frost-susceptible soil, the pipe is not moving. Therefore, 
the pipe is bending. At t = 280 and 365 days, the soil away from the pipe is thawing and the 
ground surface on top settles back. The ground surface on top of the pipe settles a little, but some 
of the heave remains because the soil around the pipe is still frozen. 
 The contours of excess pore pressure distribution (suction negative) are shown in 
Figure 6.47. At t = 29 and 200 days, negative pore pressure present and the frost heave is taking 
place. After 280 days, positive pore pressure dominates, although, portions of the soil around the 
pipe are still frozen. After 365 days, negative pore pressure is present in frost susceptible soil 
above the pipeline, indicating continued frost heaving.   
 The contours of porosity distribution are shown in Figure 6.48. In the figure for 
t = 29 days, it shows that the porosity growth occurs at both the ground surface and around the 
pipe. At t = 200 days, all the frozen area in the frost-susceptible soil from the ground surface to 
about 4 m below is experiencing porosity growth. The maximum increase in porosity is located 
beneath the pipe. Some decrease in porosity occurs below the pipe and on the interface between 
the frost-susceptible and non-susceptible soils. At t = 280 and 365 days, most of the excess 
porosity gained during freezing was reversed. In the area to the upper left of the pipe and below 
the pipe, a small decrease in porosity occurs. 
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Figure 6.46 Vertical displacement distribution (in meters): (a) t = 29 days, (b) t = 200 days, 
(c) t = 280 days, (d) t = 365 days 
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Figure 6.47 Excess pore pressure distribution (Pa): (a) t = 29 days, (b) t = 200 days, 
(c) t = 280 days, (d) t = 365 days 
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Figure 6.48 Porosity distribution: (a) t = 29 days, (b) t = 200 days, (c) t = 280 days, 
(d) t = 365 days 
 
(c) 
(d) 
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 The vertical displacement of the pipeline is shown in Figure 6.49. The origin is set to be 
at the end of the modeled frost-susceptible soil zone. From 0 m to 10 m, the pipeline is in the 
frost-susceptible soil, whereas from 10 m to 20 m the pipeline is in the non-frost-susceptible soil. 
In the frost-susceptible soil, the pipeline has been pushed up about 10 cm after one year. The 
pipeline at the far end in the non-frost-susceptible zone is raised about 1 cm.  
 
 
Figure 6.49 Vertical displacement of the pipeline 
 
 
60 d 
120 d 
180 d 
240 d 
360 d 
300 d 
Frost-susceptible Non-Frost-susceptible 
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6.4.3 Remarks 
The freezing and thawing of soils around a chilled gas pipeline going through a transition zone 
with both frost-susceptible and non-frost-susceptible soil was successfully simulated using a 
three-dimensional model. The differential displacements were clearly seen; they were caused by 
different frost-susceptibility and different thermal gradients in the soils in the transition region.  
The vertical displacement of the pipeline caused by the frost heave of the surrounding frost-
susceptible soil was obtained from the simulation.  
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7 FINAL REMARKS 
 
CHAPTER 7 
FINAL REMARKS 
 
This dissertation presented the research carried out in an effort to (a) develop a constitutive 
model describing the behavior of soils subjected to freezing and thawing, (b) implement the 
model into a finite element system with a thermal-hydro-mechanical framework to simulate the 
multi-physical processes during freeze-thaw cycles, and (c) use the model developed to solve 
boundary value problems with complex geometry and boundary conditions, important to 
engineering practice.  
7.1 Dissertation Contributions 
This research resulted in a mathematical description of freezing and thawing soils, and a 
numerical implementation for model-based simulations.  
An elastic-plastic constitutive relationship was developed first. The model is based on 
hardening plasticity and the critical state framework, with the pore ice content and specific 
volume as the principal parameters responsible for hardening and softening of the soil. As the 
pore ice content is related to the unfrozen water content in frozen soil, the model developed is 
temperature dependent. The model describes the strengthening of soil upon freezing, and 
weakening upon thawing. The model was implemented into a finite element system and it was 
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calibrated using available test data. Isotropic and non-isotropic compression problems were 
simulated to demonstrate the capabilities of the model.  
 The porosity rate function was modified and implemented into the finite element system 
to simulate the ice lens growth in freezing frost-susceptible soils. The modified function took 
into account the reduction of the rate in ice lensing, produced by increasing ice volume in the soil 
(decaying growth effect). A thermal-hydro-mechanical framework was used to capture the multi-
physical processes for freezing and thawing soils. Where discontinuities in ice content appeared 
due to phase change, a modified Heaviside function with a high gradient was used to make the 
ice content function differentiable.   
 The model was applied to three problems of practical importance: (a) freezing and 
thawing of soils around a culvert, (b) freezing and thawing of a retaining wall backfill, and (c) 
freezing and thawing around a chilled gas pipeline. The results of the simulations are 
encouraging and they indicate a very realistic response of the model to changing thermal 
boundary conditions. 
7.2 Future Work 
Future work will focus on: 
1. Comprehensive testing of freezing and thawing for variety of frost susceptible soils, and 
calibration of the model for various soils; 
2. The heat convection due to water flow is not taken into account in the model and should be 
included in the future to make the simulations even more realistic; 
3. The current porosity rate function simulates the frost heave under the assumption that there 
is always sufficient supply of unfrozen water to move into the frozen fringe. The model 
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cannot address the situation with partially saturated soils, or permafrost, where the frozen 
soil beneath prevents the movement of water into the active layer. Future work will 
concentrate on applicability of the model to unsaturated soils; 
4. The stress melting of ice and viscous behavior of ice are not considered in the model. These 
should be included, particularly if the model is to be used to simulate long-term problems.   
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